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ABSTRACT
NEW APPROACHES TO GORTLER AND TOLLMIEN-SCHLICHTING 
BOUNDARY-LAYER INSTABILITIES
Vijay Kalburgi 
Old Dominion University, 2003 
Director: Dr. Surendra N. Tiwari
A detailed understanding of the physical processes that lead to instability and 
transition in the external viscous boundary layers of airfoils has been the goal of 
researchers for decades. This study seeks to enhance our understanding of Gortler and 
Tollmien-Schlichting instabilities through a critical review of prior theoretical 
methodology and fundamental experiments, the development of dimensionally consistent 
disturbance equations, and novel interpretation of the resulting flow physics revealed by 
their solutions to explain the process of transition.
Gortler vortices arise in boundary layers along concave surfaces due to centrifugal 
effects and these vortices in combination with other instabilities play an important role in 
triggering early transition. Of the two distinct theoretical approaches to Gortler 
instability, the marching technique initiated by Hall led to multiple neutral curves that 
depended on the initial condition and its location, and the classical normal-node approach 
where each study predicted a unique but different neutral curve. This study critically 
examines the two approaches, provides explanations for the differences, and shows that 
the two can produce compatible results for constant concave curvature.
The first ever study of Gortler instability on variable curvature surfaces is presented. 
A hitherto unknown phenomenon of the Gortler vortices lifting off in the convex region 
is observed.
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A study of Gortler instability on an airfoil containing a concave region is also 
presented. Predicted wavelengths of the most amplified Gortler vortices are in excellent 
agreement with experimental observations for a wide range of chord Reynolds numbers. 
The vortex liftoff phenomenon is once again observed in the convex region. During 
vortex liftoff, the initial counter-rotating vortex pairs lift off the surface and dissipate 
while another layer of vortex pairs of opposite rotation develops near the surface; 
spanwise surface shear stress distribution also shifts by half a wavelength. Flow 
visualization photographs from the experiment confirm this discovery.
Tollmien-Schlichting instability is also studied. Reexamination of pioneering 
experiments shows that observed natural Tollmien-Schlichting waves were inherently 
three-dimensional. This study will show that transition experiments that use vibrating 
ribbons to induce Tollmien-Schlichting waves introduce unacceptable disturbance levels 
into the boundary layer. The Orr-Sommerfeld equation is examined using a consistent 
perturbation analysis and is shown to be dimensionally inconsistent for all boundary layer 
analyses.
An explanation of transition is offered in which the exchange of energy from the 
higher to lower frequency perturbations is a key phenomenon in the unique relationship 
that exists between the dominant frequency, the spanwise wavelength, and the transition 
onset location. This study involves additional physics that points to a different view of 
transition from that required by the Orr-Sommerfeld equations and the associated r e ­
factor empiricism.
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This dissertation is dedicated to all our Gurus. Their unbiased observations, intuitive 
analyses, unshakable Truth, and eternal guiding light made our realization of Boundary
Layer Stability possible.
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A { Ux X ! v ) { X K ) 1/2: Dimensionless wavelength parameter
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Gortler vortices arise due to an imbalance between pressure and centrifugal forces in 
laminar boundary layers along concave walls (Fig. 1.1). These counter-rotating, 
streamwise vortices are one of the three known flow instabilities that lead to boundary 
layer transition. These vortices were first predicted and theoretically analyzed by Gortler 
[1] after whom the nondimensional stability parameter
G=uJL(srKy2
is named. His analysis of the instability of a boundary layer along a concave wall 
assuming parallel flow was similar to Taylor’s analysis of the Couette flow between 
concentric rotating cylinders [2], Gortler found a critical value for the stability parameter 
G above which growing disturbances to the basic state exist. Liepmann [3] was the first 
to experimentally confirm that the boundary-layer instability along concave walls is 
governed by the Gortler parameter. Later, Smith [4] derived an alternate set of improved 
equations by including some higher-order curvature terms and terms to account for the 
non-parallel nature of the boundary layer. Furthermore, unlike Gortler who investigated 
the temporal growth of these disturbances, Smith formulated the problem to study their 
spatial growth. Since then, a large number of theoretical [5-9] and experimental [10-16, 
34] studies have been devoted to the investigation of Gortler instability.
There have been two distinct theoretical approaches to solve the linear stability 
problem. In the classical normal-mode approach, the periodicity of the disturbance in the 
spanwise direction and the assumption that the basic flow is quasi-parallel or parallel






F l o w
ZZZZ
Figure 1.1: Schematic of Gortler vortices in the boundary layer on a concave surface
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3
allows for the solution to be expressed in the normal mode form. This assumes that the 
shapes of the perturbation velocity profiles in the three orthogonal directions are invariant 
in the streamwise direction and that their amplitudes grow at a common rate. The 
governing partial differential equations reduce to a system of ordinary differential 
equations and form an eigenvalue problem which is solved numerically for (a, (3, G). In 
each of these investigations a unique neutral curve (but often different from the “unique” 
neutral curve of other NMA studies) was obtained (Fig. 1.2). It is found, although the 
general approach is similar, that the various NMA investigations disagree as to the details 
of the problem formulation, the solution technique, as well as their results [5].
In a series of studies on Gortler instability, Hall [8, 9] has shown that the linear 
stability equations governing Gortler instability cannot be reduced to ordinary differential 
equations, but instead must be partial differential equations parabolic in the streamwise 
direction. He argues that the effect of the non-parallel nature of the basic flow in which 
the Gortler vortices develop is not negligible, and the approximations of the equations 
that result in ordinary differential equations cannot be justified; and that the parallel flow 
theories are irrelevant except for the small wavelength limit with the main deficiency of 
the parallel flow theories arising from their inability to describe adequately the decay of 
the vortices at the edge of the boundary layer. Hall concludes this to be the cause of the 
wide spread of neutral curves predicted by parallel flow theories.
Hall [9] then solved the governing partial differential equations as an initial value 
problem using a finite difference marching scheme. The main result of this study was 
that the growth (and thus the position of neutral stability) of the Gortler vortices 
depended crucially on how and where the boundary layer was perturbed. Multiple









Figure 1.2: Neutral curves obtained from various normal mode analyses (Ref. 5)












a x= .069 X
Figure 1.3: Neutral curves corresponding to different locations of initial conditions 
(Ref. 9)
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neutral curves (Fig. 1.3) were obtained that depended on how and where the boundary 
layer was initially perturbed, leading Hall to conclude that the concept of a unique neutral 
stability curve is not tenable in the Gortler problem except for asymptotically small 
wavelengths.
1.2 The Dilemma
Based on these conclusions, it appears that it may not be possible to solve a practical 
problem involving Gortler instability. For, on the one hand, the normal-mode approach is 
characterized as not mathematically rigorous, the approximations of the equations not 
justified, and the theories actually irrelevant. While on the other hand, the elegant 
solutions of the partial differential equations lead to multiple neutral curves depending on 
how and where the perturbations are introduced into the basic flow, so that no physically 
meaningful results on the development of disturbances can be obtained unless the initial 
conditions are precisely known. Furthermore, unlike the NMA, Hall’s marching solution 
offers no explanation for predicting the wave number of the most amplified Gortler 
vortex. In contrast, the existing linear stability theory for Tollmien-Schlichting waves is 
known to predict the frequency and wavelength of the most amplified disturbances for 
given geometry and freestream conditions [17-25]. The semi-empirical e1 technique may 
then be used to predict the disturbance growth from the neutral point and provide a 
reasonable estimate of the transition location (Tollmien-Schlichting instability will be 
further discussed in chapters III and IV). The question that arises is what do we do now 
for the Gortler problem? We were faced with this question while trying to solve a 
practical problem involving the growth of Gortler vortices along the concave region of a 
laminar-flow-control (LFC) supercritical airfoil. The present study answers this question
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
on the basis of some computational and wind-tunnel experiments conducted to 
understand the problem.
1.3 Background
Advanced laminar-flow-control supercritical airfoils [21-23] have concave regions on 
the lower surface both near the leading and the trailing edges (Fig. 1.4). The LFC model 
tested in the 8-Foot Transonic Pressure Tunnel (TPT) at NASA Langley [22] had 
concave regions which were subdivided into linear segments and highly concave zones. 
Approximate stability calculations using Smith’s curves [4] had indicated that such an 
approach would minimize the overall Gortler vortex amplification as compared to the 
continuous curvature case. Since there was neither rigorous theoretical proof nor 
experimental evidence to support such a design, wind tunnel and computational studies 
were initiated to investigate this problem. The following section discusses the wind 
tunnel tests conducted in the Flow-Turbulence Pressure Tunnel (LTPT) [13-15] on a 6- 
foot chord model that had a continuous curvature distribution in the concave region.
1.4 Gortler Instability Experiments
The first experiment to visualize Gortler vortices was conducted by Gregory and 
Walker [10] using the china clay method. A number of experiments have since been 
conducted to visualize the Gortler vortices as well as to measure their velocity profiles 
[11, 12, 15, 26-33]. A common feature of all these experimental studies is that the 
pressure gradient along the concave wall was manipulated by adjusting the opposite 
tunnel wall, i.e., essentially carried out in internal flows where the pressure gradient is 
determined by mass flow. However, in external flows the pressure gradient is primarily 
determined by the surface geometry. Furthermore, in external flows, i.e., flow past
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airfoils, the laminar boundary layer is sensitive to the positive pressure gradient that 
exists in the concave region resulting in either laminar separation or early transition. The 
only way to avoid laminar boundary-layer separation problems on airfoils with concave 
curvature is by applying suction in the compression regions.
The first such experiment on a representative airfoil with suction in the concave 
region was conducted by Mangalam and Dagenhart [13-16] at NASA Langley Research 
Center. The Gortler vortex instability was examined on a 1.83 meter airfoil (Fig. 1.5) by 
Mangalam and Dagenhart in the Low-Turbulence Pressure Tunnel (LTPT). This 
experiment was conducted at atmospheric pressure with Mach number ranging from 
0.024 to 0.125. The airfoil was designed to consist of two parts: a structural element and 
a test insert. The insert included the leading edge and the upper surface back to mid 
chord, while the structural element consisted of the spar and remainder of the airfoil 
surface including a 10% chord flap. The objective of this program was to verify the 
design technique proposed by W. Pfenninger [21] by conducting experiments on the 
same airfoil with test inserts of different geometries and comparing their amplification 
histories. The test insert in this experiment had a continuous curvature distribution in the 
concave/convex region. The curvature distribution in the test region is shown in Fig. 1.6. 
The concave region extends from x/c = 0.175 to x/c = 0.275 with a minimum radius of 
curvature of 0.24 m. Attached flow in the compression region was insured by applying 
suction through a perforated titanium panel. This suction region was divided into three 
spanwise suction strips, with suction in each strip independently controlled by its own 
needle valve. The airfoil was specifically designed to have a relatively flat or slightly 
favorable pressure distribution upstream of the concave region (Fig. 1.7). This was
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Figure 1.7: Airfoil pressure distribution
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maintained by using the 10% chord flap to control the stagnation point location. The 
Gortler vortices were visualized using sublimating chemicals and a specialized, single 
axis, three component laser velocimeter was used to study the flow field in the test 
region.
A thin layer of solid white biphenyl material was sprayed over the black model 
surface to visualize the flow. Depending on the free stream velocity, 30-60 minutes were 
required for the pattern to emerge. The representative flow patterns at Rec of 2.24, 3.21, 
and 3.67 million are shown in Figs. 1.8-1.10, respectively. The perforated titanium 
suction panel is visible at the upstream edge in each photograph. The dark streaks 
represent regions of high shear where the chemical layer has sublimed to reveal the black 
surface whereas the white streaks correspond to regions of low shear. While no streaks 
were observed upstream of the concave zone, the streaks downstream of the suction panel 
were essentially uniformly spaced along the span. The wavelength of the Gortler 
vortices, represented by a set of dark and white streaks, was determined by averaging the 
number of pairs of streaks over a 15-45 cm span. The dimensional vortex wavelength 
was observed to remain unchanged throughout both the concave and convex regions for a 
given chord Reynolds number. Though vortex damping was indicated by considerable 
decrease in contrast in the convex region, the streaks remained visible all the way up to 
the jagged transition line.
Laser velocimeter measurements were made at several streamwise locations at Rec of 
1.0, 2.1, 3.1, and 3.67 million. Some representative measurements and results for Rec of
2.1 million are shown in the following figures. Figure 1.11 shows the spanwise variation 
of streamwise velocity at x/c -  0.25 for different heights above the model surface. The
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
12
Figure 1.8: Flow visualization using sublimating chemicals, Rec = 2.24 million 
(Ref. 13-16)
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Figure 1.9: Flow visualization using sublimating chemicals, Rec = 3.21 million, 
(Ref. 13-16)




Figure 1.10: Flow visualization using sublimating chemicals, Rec = 3.67 million, 
(Ref. 13-16)
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Figure 1.11: Spanwise variation of streamwise velocity at x/c = 0.25, Rec = 2.1 x 106 
(Ref. 13-16)
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spanwise periodicity of the streamwise velocity component is evident in this figure with 
the wavelength of this variation being about 0.3 cm. The maximum disturbance 
amplitude occurs at y = 0.09 cm above the model surface. Figures 1.12 and 1.13 show 
the spanwise variation of the streamwise perturbation velocity and the power spectral 
density (PSD) function for x/c = 0.25 and height of 0.09 cm above the model surface. 
While the spanwise periodicity is again quite evident in Fig. 1.12, the streamwise velocity 
perturbations can be seen to vary by ±8% of the local edge velocity. The PSD shown as a 
function of the wavelength (Fig. 1.13) clearly indicates the dominant wavelength to be
0.3.cm. This is also in agreement with the wavelength observed in flow visualization 
efforts. Results similar to those in Figs. 1.11 - 1.13 obtained for other measurement 
locations as well as for different Rec are available in Refs. 13-16.
The major findings of this experiment [13-16] can be summarized as follows:
1. The Gortler vortices were stationary.
2. The Gortler vortices were essentially uniformly spaced in the concave and the convex 
regions right up to the transition line.
3. The vortex wavelength remained fixed for a given freestream condition, varied 
appreciably with changes in freestream condition, and was repeatable in both flow 
visualization and laser velocimeter measurements.
4. The vortices amplified in the concave region and sharply damped in the convex 
region.
5. While a 50% increase in suction had no effect on spanwise wavelength, a reduction in 
vortex amplification was observed as compared to nominal suction (see Fig. 4.22 in 
Chapter 4).
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Figure 1.13: Power spectral density, Rec = 2.1 x 106 (Ref. 13-16)
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6. The phase relations for the Gortler vortex velocity components U, V, and W were
U(x, y, z) ~ cos(ctrz)
V(x, y, z) ~ cos( a z  + ft)
W(x, y, z) ~ cos(az ± ft 12)
1.5 Tollmien-Schlichting Instability
The “trail blazing” analyses of Raleigh [TS1], Orr [TS2], Sommerfeld [TS3], 
Tollmien [TS4], and Schlichting [TS5, TS6] form the basis for incompressible and 
compressible boundary layer stability theory. The main hypothesis in stability theory is 
that insights into the complex transition phenomenon can be gained through the study of 
the stability of a boundary layer to small harmonic disturbances. These disturbances are 
otherwise known as traveling Tollmien-Schlichting (T-S) waves. The T-S instability is 
also known as the viscous instability.
The physical explanation for viscous instability in boundary layers was given by 
Prandtl [TS7] in 1921, and the first theoretical prediction of viscous boundary layer 
instability in a Blasius boundary layer was made by Tollmien [TS4] in 1929 and extended 
by Schlichting [TS5, TS6] in 1933. Tollmien’s analysis predicted a critical Reynolds 
number, a minimum wavelength, and a maximum phase velocity for the unstable waves. 
This theoretical prediction of selective amplification of perturbations was universally 
discredited for a number of years due to lack of experimental evidence.
It was a number of years after the theoretical predictions that experiments would 
confirm the existence of such an instability. It required the construction of wind tunnels 
with sufficiently low freestream turbulence levels before these traveling waves could be 
experimentally observed.
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In the classic experiment of Schubauer and Skramstad [TS8], under the direction of 
Dryden, hot wires were used to study the transition on a flat plate boundary layer in a 
relatively low turbulence wind tunnel. Sinusoidal oscillations were detected in the 
boundary layer and were to seen to grow spatially. These fluctuations reached the 
maximum amplitude just ahead of transition. At transition, these high amplitude well 
ordered oscillations were seen to break down into high frequency irregular oscillations 
characteristic of turbulence. The characteristics of these sinusoidal velocity fluctuations 
were in agreement with Tollmien and Schlichting’s theory, and with this discovery the 
hypothesis was established and stability theory came of age. Schubauer and Skramstad 
studied both natural and ribbon induced T-S waves.
This experiment was followed by many others where the repeatable presence of T-S 
waves, as stipulated by existing theory, was established. A key point to note is that the 
theory at that time was for two dimensional waves that amplified temporally. A brief 
reiteration of the history of this theory follows.
The small disturbance theory was originally developed for channel and pipe flows 
where the mean flow is basically parallel and the disturbances amplify temporally. The 
mean streamwise velocity profile is dependent only on the y coordinate whereas the 
disturbances are dependent on both * and y. The stability governing equation that results 
from these assumptions is the Orr-Sommerfeld equation-the cornerstone of both channel 
flows as well as boundary layers. This equation, solved as an eigenvalue problem, 
produces the classical neutral stability boundaries and subsequent wave amplification. 
The former establishes the critical Reynolds number and conditions under which
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disturbances do not amplify while the latter leads to the N-factor which is used to 
empirically predict transition.
A closer examination of the pioneering and subsequent experiments of Liepmann 
[TS9], Klebanoff [TS10], Saric [TS11, TS12], and others, which will be further discussed 
in chapter IV, clearly show that the observed instability and transition was inherently 
three dimensional in nature. Being contrary to established 2-D theory, these 
disturbances, depending on the type of breakdown, were labeled as the K-type, C-type, 
and H-type. While the 2-D disturbances are considered primary disturbances, the 3-D 
disturbances are considered as secondary or tertiary disturbances that manifest near 
transition.
While this study emphasizes that the instability observed in the first and subsequent 
experiments was inherently three-dimensional, three-dimesnionality is not an inherent 
feature of existing theory. The source of this can be traced to the assumption that the 
disturbances can be oblique traveling waves and resolving the coordinate system parallel 
to the direction of propagation of these traveling waves always results in two-dimensional 
disturbance governing equations. Thus, for an oblique traveling wave, the component of 
basic flow in its direction would always be less than that of the mean flow. This was 
further compounded by Squire’s theorem (1933) which states that “for two-dimensional 
parallel flow, the minimum critical unstable Reynolds number occurs for the case of a 
two-dimensional wave traveling in the same direction as the basic flow”. That is, the 
two-dimensional disturbance is the most unstable disturbance.
One can see that Squire’s theorem of 1933 validated an assumption made in decades 
of prior stability analyses of parallel mean flows, this coupled with the experimental
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discovery of disturbances by Schubauer and Skramstad and others (that conformed to this 
theory) served to firmly establish this theory with all its many “justified” assumptions. 
Some of these being that of parallel mean flow, that the disturbances are two dimensional 
waves traveling parallel or oblique to the mean flow, that the disturbances traveling in 
the direction of the mean flow are the most unstable or most amplified disturbances. The 
true three-dimensional nature of transition, demonstrated by many investigators (e.g. 
Liepmann [TS9], Klebanoff [TS10], Saric [TS11, TS12], and others) is not treatable by 
this school of thought.
We seek to establish a different view of transition, one that involves the exchange of 
energy from higher to lower frequency perturbations, this being the key phenomena in the 
unique relationship that exists between the dominant frequency, the spanwise 
wavelength, and the transition onset location. This involves a radically different 
perception of transition from that required by the Orr-Sommerfeld equations and the 
associated N-factor empiricism. This perspective will be established by the following:
1. Reviewing the pioneering and subsequent experiments to strongly highlight the fact 
that the natural T-S waves seen by the pioneers were inherently three-dimensional.
2. All transition experiments that use vibrating ribbons to induce/introduce T-S waves 
in the boundary layer may be irrelevant. Why? Because the resulting view of 
transition is directly dependent on the ribbon location, frequency, span, and tension; 
presence of torsional modes cannot be ruled out; further more, it will be shown that 
the ribbon introduces unacceptable levels of disturbances into the boundary layer.
3. The Orr-Sommerfeld equation will be reexamined. When general stability 
governing equations are derived using a consistent perturbation analysis, the Orr-
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Sommerfeld equation can be shown to be dimensionally inconsistent for all 
boundary layer analyses.
4. An explanation of transition is offered in which the exchange of energy from the 
higher to lower frequency perturbations is a key phenomenon in the unique 
relationship that exists between the dominant frequency, the spanwise wavelength, 
and the transition onset location. This study involves additional physics that points 
to a different view of transition from that required by the Orr-Sommerfeld equations 
and the associated N-factor empiricism. Qualitative comparisons will be made to 
the experimental results of Klebanoff et al. [TS10].
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CHAPTER 2
GORTLER INSTABILITY: THEORETICAL DEVELOPMENT
2.1 Disturbance Governing Equations
Consider the stability of a viscous incompressible flow along a concave wall with 
radius of curvature K. An orthogonal curvilinear coordinate system (x, y, and z) is 
employed with x  defined along the wall in the streamwise direction, y normal to the wall, 
and z perpendicular to the x-y plane. The flow is assumed to consist of a two- 
dimensional basic flow with small three-dimensional perturbations superimposed. The 
velocity components are given by
introduced into the normalized Navier Stokes equations, the basic flow quantities 
extracted, and the perturbation governing equations linearized by neglecting products of 
the perturbation quantities. The resulting perturbation governing equations are:
U (x, y, z)  = U°(x, y)  + Ul(x,y, z)  + o ( e ) 
V( x , y , z )  = £ [ V°(x,y) + V 1(x,y) ] + o ( f 2) 





P(x,  y, z)  = P°(x, y)  + £ 2P l(x, y, z)  + o (<£ 3) (2.4)
where U ° , V°, W°,  and P 0 are the basic flow velocity components and the static pressure 
respectively while, U l, V \  W ', and P 1 are perturbation quantities. These equations are
u l + v ly + w lz = 0 (2.5)
u° u\  +  u°x u 1 + v ° u l + 1/ °  v 1 =  uL + u\ 7x x  y  y  y  y  z  z, (2.6)
(2.7)
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(2 .8)
Boundary conditions U l = V l - W 1 - 0 at y = 0, where Gv - 2 K l  -----  and terms
I ^ i
of o(e2) and higher are neglected.
2.2 Normal Mode Approach
In the normal-mode approach, the mean flow quantities are assumed to be slow 
varying in the streamwise direction. Such an assumption allows for the disturbance 
velocity components and pressure to be expressed in normal-mode form:
where a  is the wave number and /? is the spatial growth rate. The normal-mode form 
explicitly implies that the shapes of the perturbation quantities are invariant in the 
streamwise direction and that they grow at a common rate /?. When the expressions






j W  +Vv + a W  = 0 
[J3 U°+ U°x + a 2] U + y° Uy + U°y V -  Uyy = 0 




+ [ a V ° ] w  + [ - a ] W y - P v = 0
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[ a 2+ J3U°~\W + [ v ° ] Wy + [ - a ] P - W yy =  0 (2.16)
with boundary conditions
U = V = W  = 0 at y = 0, °o (2.17)
(SrK)1/2 and Sr is the reference boundary layer thickness. Thesewhere G
equations were solved by the method of Floryan and Saric [6]. Equations (2.13)-(2.17) 
constitute the quasi-parallel approximation to the Gortler vortex problem. The parallel 
flow approximation is obtained when terms involving U°x , V 0, and their derivatives are 
dropped.
As pointed out by Hall [8, 9], there is no strict mathematical justification for the 
separation of variables in the general case when the partial derivatives have coefficients 
that are not constant. Varying curvature, pressure gradients, suction, and boundary-layer 
growth cause such variable coefficients. However, for the Blasius boundary layer, we 
approximate the constant coefficient situation by assuming that the flow is locally parallel 
and independendy compute the eigenvalues and eigenfunctions of the boundary-value 
problem at given streamwise location. The computations are repeated at every 
downstream location with appropriate local flow conditions with the growth rate 
determined as an eigenvalue of the stability problem. This approach gives good results 
for very limited cases. When pressure gradients, variable curvature, and suction are 
present, the results may be totally unreliable in the quantitative sense in addition to being 
mathematically untenable.
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2.3 Marching Technique
The perturbations for the marching technique, on the other hand, take the following 
form:
U \ x ,  y , z )  = U(x ,  y ) c o s ( a v z )  (2.18)
V \ x ,  y, z) = V (x, y ) c o s ( a v z )  (2.19)
y,z)  = W(*,  y)sin(orvz) (2.20)
P \ x ,  y , z )  = P(x,  y ) c o s ( a v z )  (2.21)
The only assumption in the above equations is the periodicity of the vortices in the 
spanwise direction which is experimentally well established. Upon introducing the above 
into Eqs. (2.5)-(2.8), the following partial differential equations are obtained:
Ux +Vy + a vW = 0 (2.22)
U ° U X+U°XU + V° Uy +U°y V -  U yy + a 2v U = 0 (2.23)
U° VX+VX°U + V ° V y +Vy V + GVU° U + Py -  Vyy + a]  V = 0 (2.24)
U° Wx + V ° W y - a v P - W yy+ a * W  = 0 (2.25)
with boundary conditions
U = V = W = 0 a t y  = 0, (2.26)
Since the equations are parabolic in the streamwise direction, initial conditions which 
correspond to some vortex perturbation imposed on the flow are necessary to specify the 
problem completely. The above equations are, in general, valid for flows with pressure 
gradients, suction, and variable curvature. No assumptions are made as to the nature of
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the dependence of the mean flow or the perturbation functions in the streamwise 
direction.
The following new variables are introduced
£  = x, ?} = y/y[x  (2.27)
Eliminating P and W from Eqs. (2.22)-(2.25) and expressing the resulting equations 
in terms of the new variables, we obtain
U ^ + ^ U ^  + ^ U  + C3u n + C4v  = 0 (2.28)
Vnnnn +  c 5 wnnn + C6 + C7 Vn  + C,Vn+ C9 V;
+C 10 V + Cn U ^  + C12 Ufn + C13 U„ + C14 U( (2.29)
+C 15 U =  0
where
Q  = - g u °
C2 = - # [ ( / >  a,2]
c 4 = - # t / :
c  =  c' - '5  3
c  = c6 '"'I
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C, = U “ - 2 i ; a ? + t ; U l
C,  = - # 3,2[ - a ;  V° -  U°y +n(U°„ + cel U° ) / ( 2 j f )
C » = ( 2[ K  + a y U° ]
Cl 0 = f [ u ° „  + a : + a ^ V ° ]  
C„ = # V ,° - f /V #  ( / “ 
Cn = 2 t , n U° 
c „ = - 4 n v % - - j 4 u l  
c lt = 2 ? u %
c„ =#![«,2K  + G„ +
The corresponding boundary conditions are
u  = V = v n = 0 at Ti = 0, °o
and initial conditions
U = U(71), V = V ( tj) at £ = £
(2.30)
(2.31)
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CHAPTER 3 
TOLLMIEN-SCHLICHTING INSTABILITY: THEORETICAL 
DEVELOPMENT
In this chapter, the classical development of the incompressible Orr-Sommerfeld 
equations is reviewed briefly. The general perturbation scheme applied to the Navier- 
Stokes equations and the options that arise in the derivation process are discussed. This 
process results in dimensionally consistent disturbance governing equations. While the 
Orr-Sommerfeld equations are valid for channel flows, this study will show that there is 
an order of magnitude inconsistency for boundary layer flows.
3.1 Classical Theory: The Orr-Sommerfeld Equation
The stability of a two dimensional incompressible flow in a channel is considered. 
The governing equations are the Navier-Stokes (N-S) equations with appropriate 
boundary conditions. The N-S equations, non-dimensionalized with respect to a 
reference velocity f/«,, length /, pressure p U l ,  and a reference time I / U^,  are
U x+ V y =  0 (3.1)
U,  + U U X + V U y = - P x + - ^ V 2^  (3.2)
V , + U V X + V V = - P + — 'V2V (3.3)
* x y  y
The flow is decomposed into a steady mean flow and a superimposed two dimensional 
disturbance as follows:
U = U + U; V = V + V ;  P = P + P  (3.4)
Substituting Eq. (3.4) into Eqs. (3.1) - 3.3) and neglecting the nonlinear terms, the 
disturbance governing equations reduce to
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Ux + v y = 0 (3.5)
U,  + U U X + U XU + V U X + U V  = - Px + — V 2 U (3.6)r x x  }  y
V, + U Vx + yx U + V Vy + Vv V = - P y + — V 2 V (3.7)
R
Boundary conditions: U, V = 0 at the boundaries.
Equations (3.5)-(3.7) are further simplified by assuming the mean velocity U = U(y) 
and V -  0. This is the classic parallel flow assumption valid for channel flows with 
parallel walls. For boundary layers, this is justified by the argument that at high 
Reynolds numbers the streamwise gradients of U  are much smaller than in the normal 
direction. Consequently, Eqs. (3.5)-(3.7) reduce to
U x + v y = 0 (3.8)
U , + U U , + U r V = - P , + I v 2t/  (3.9)
K
v t + u v = - p + - y 2v  (3.io)y R
Eliminating pressure from the preceding equations, we have
( U , - v , ) , + U ( U y - V , ) , + U „ V = ± V 2 ( U , - V , )  (3.11)
We now seek a normal mode solution to Eq. (3.11) by assuming
U  =</>'ei(ax~0)t] + C.C-, V = - i a ( j ) e i{ax~m) + C .C  (3.12)
By substituting Eq. (3.12) into Eq. (3.11), we obtain the classical Orr-Sommerfeld 
equation as
( t i  - c ) ( / - a 2 </>)-U"<p = - ^ j ( 0 iv - 2 a 2 </>* + a* (/>) (3.13)
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Equation (3.13) is exact for fully developed channel flows where the reference length 
is the channel height. For boundary layer flows the Orr-Sommerfeld equation is
with boundary conditions: U, V = 0 at y = 0; U, V —» 0 as y The reference length in
this case is the boundary layer thickness 8 and Rs = Ux8 / v  [TS13],
3.2 Stability Equations Derived by a General Perturbation Scheme
We now apply a consistent general perturbation technique to simultaneously obtain 
the boundary layer mean flow governing equations as well as the disturbance governing 
equations. The equations governing the flow are the non-dimensional N-S equations 
given by Eqs. (3.1)-(3.3). The flow in the boundary layer is once again decomposed into 
a steady mean flow and a perturbation given by
where ( U , V, P)  and (U, V, P) are the mean flow and perturbation quantities 
respectively, and £ -  R~m  is a small parameter. The validity of this definition of £ in 
deriving the Blasius boundary layer equations is well established by Van Dyke [TS14], 
We leave the exponent k undefined at this stage. Substituting Eq. (3.15) into Eqs. (3.1)- 
(3.3) we obtain
( U - c ) ( f - c c } < i > ) - U ’ <l> =  — ,—  ( t » - 2 a } p  +  a } ? )  (3.14)
U = U + U ;  V = £ ( V + V ) ;  P = P + £ kP; Tj = e~ly  (3.15)
( (7  +  !/ ) < + ( v + v )5 = o
ut +(u + u)(u + u) +(v +v)(i7 + t/) = - ( p + *■*/>) 
+ £ 2 ( u  + u )  +£ ~2 ( u  + u )
(3 .17)
(3.16)
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v ,  +  ( t / + t / ) ( v + v )  + ( v  +  v ) ( v + v )  = - ( p  +  f ‘ />)
+ £ ‘ ( v + v )  + £ ~ 2 { v + v )
' *xx V / 7777
(3 .18)
Upon collecting the mean flow terms, the mean flow governing equations obtained are
Ux + v n = 0
1 / 1 / , + V I / ,  = - P J + l / „ + 0 ( e 2 )
U V  + w  - V
X  I} 7JT]





U,  V  = 0  at 77 = 0
U —̂ U as 77 —> <x> (3.22)
Equations (3.19)-(3.22) are the classical Blasius boundary layer equations. When the 
non-linear terms in Eqs. (3.16)-(3.18) are neglected, the resulting linearized perturbation 
governing equations are as follows:
U x + v n = 0 (3.23)
U t + U U x + U x U + V U J1 + U 71V  = - e k Px + e 2 U x x + U nn (3.24)
V, + U Vx + Vx U + V  v  + v  V = - e k- 1 Pn + e-l Vx x + V,n n n n (3.25)
There are two distinct possibilities for the undefined exponent k in the above perturbation 
governing equations, i.e., k -  0 and k = 2.
Case 1: k = 0
When k = 0, Eqs. (3.23) - (3.25) reduce to
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Ux + Vn = 0 (3.26)
U, + U U X + Ux U + V U„ + U„ V = - P x + £ 2 Uxx + Unn (3.27)
P = - e  ‘n v  + U V  + V U + V V  +V V - Vt  w  r  X  x  w  1 r  r  J] rf  r  7JT] + o ( e 4 ) (3.28)
After collecting terms of equal order, we have
Ux + V „ = 0  (3.29)
V,  + ( ? ( / ,  + U , U  + V U n + U , V  = - P , + t / „ +  o ( e z ) (3.30)
P , = o ( e 1 ) (3.31)
Equations (3.29)-(3.31) can be viewed as the boundary layer equations to the second 
approximation [TS15] where the unsteadiness manifests through the perturbation.
Case 2: k = 2
When k = 2, the perturbation governing equations, Eqs. (3.23)-(3.25), reduce to
Ux + v y = 0 (3.32)
U, + U U ,  + Ux V  + V  £7, + t7, V = - £ !P, + U „  + o ( s 2) (3.33)
V, + V V ,  * V XU +VV,  +V„V  = - / > ,  + V „  + o ( £ ! ) (3.34)
The streamwise and normal momentum equations consist of o(l) unsteady, inertial, 
pressure, and viscous terms. These equations are parabolic in nature, inherently 
complete, with the mean flow fully non-parallel. The only assumption made in the 
derivation of these equations is that the perturbations are small which allows us to 
linearize the governing equations. We now seek a normal mode solution to Eqs. (3.32)- 
(3.34) by assuming
[U,V,P]  = [ u ( y ) , V ( y ) , P { y ) ] e i{ax- a t ) +C.C (3.35)
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Substituting Eq. (3.35) into the perturbation governing equations, Eqs. (3.32)-(3.34), we 
obtain
i a U  + V = 0
U
V
- ® )  + l / , ]  + V I / ,  + U „ V  = U „ + o ( e 2 ) 




The boundary conditions are: (U, V ) = 0 at T] = 0, and (U, V ) —> 0 as J] —> «>.
The above equations are naturally parabolic and the mean flow fully nonparallel. Our 
analysis did not require us to parabolize the governing equations for computational ease. 
Instead the parabolic equations that emerged are the result of a consistent perturbation 
analysis where the reference scales, and thus the scaled variables and parameters, are 
consistent with the physical problem being modeled.
Let us now return to the equations in case 1 where k was assumed to be zero. We will 
now show that the Orr-Sommerfeld equations can be directly obtained from this set. We 
start by seeking a normal mode solution to Eqs. (3.26)-(3.28) where
[U, V, P]  = [ u ( y ) , V ( y ) , P { y ) ] e i{ax- 6>t]+C.C (3.39)
Upon substitution and assuming the mean flow to be parallel, we obtain
i a U  + V =  0
U a U  -  ry) + V Un + i a P  -  Unn




Note that the dominant term in the //-momentum equation is the normal pressure gradient 
term as was the case in Eq. (3.31). We now express our variables and parameters in
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terms of the O-S variables and parameters. Recall that the reference length in the Orr- 
Sommerfeld equations is the boundary layer thickness 8. Thus
Incorporating these relationships, Eqs. (3.43)-(3.45), into Eqs. (3.40)-(3.42) gives us
where by definition a  s , cos ,U, V, P are of o(l).
Examination o f the continuity equation shows that fo r  it to be dimensionally 
consistenteVn =0(1), i.e. V must to be large and o f o ( H e )  for continuity to be
satisfied.
Let us now define V 1 = e V  where E 1 is o(l). Substituting this into Eqs. (3.46)- 
(3.48), we obtain
Equations (3.49)-(3.51) are the O-S equations governing boundary layer stability. 
Note that for the continuity equation to be dimensionally consistent in the above
a s = a  8  -  a*el (3.43)
0)s = o f 8 ! U^  = o f e  H U (3.44)
77 = y* / 8  = y* I e I (3.45)
i a s U + e V n = 0 
u [ i ( a s U - a ) s )  ̂+ e U v V + i a s P = e [ u nr! -  a \ U ]




i a s U + v ; =  0  
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derivation we had to redefine V in terms of a new V 1 which is of o (1). Relating V 1 back 
to the dimensional quantity that we had originally started with, we see that V = V 1 / e  
where V1 = o (l) . But, V * / U m = e V  = e V  1 / e  = V 1 = o(l),  i.e, V * / U „ = o ( l ) . 
Consequently, V* / U^  = o (1) clearly violates our original assumption as well as that of 
classical boundary layer theory that V*/ U^  is small and is at most of the same order as 
the mean flow normal velocity which is of o(e). Thus, though the O-S equations appear 
to be mathematically consistent and a reasonable approximation to equations governing 
boundary layer stability, the present perturbation analysis clearly demonstrates that the O- 
S equations are dimensionally inconsistent for all boundary layers.
That doubts existed regarding the universally accepted assumptions and hand waving 
that went into the derivation of the O-S equations for boundary layer stability is apparent 
when one reads Leslie Mack’s Jet Propulsion Laboratory report “Boundary Layer 
Stability Theory” published in 1969 (900-277 Rev. A). In his discussions regarding the 
assumptions made while deriving the boundary layer stability governing equations Leslie 
Mack states:
“The argument given above that led to these equations is far from rigorous and is 
included mainly to point out the terms that are neglected in the parallel-flow equations. 
These equations are the basis o f almost all stability investigations. They are exact for the 
flow in a channel, but are only an approximation for other flows. Their adequacy is best 
tested by comparison o f the results with experiment. Also the magnitude o f the neglected 
terms can be checked a posteriori, and it s hoped that some day a more exact theory will 
be available for comparison. ” Leslie M. Mack, 1969.
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Another approach to Tollmien-Schlichting instability is that of Smith [TS19]-[TS21]; 
he finds that for R »  1, the stability of the Blasius boundary layer can be described by a 
triple deck theory. The decks are regarded as distinct solution zones with a streamwise 
length scale of o(e3) where e  = /T 1/8. In this analysis, Smith states that “the nonparallel 
flow effects emerge as a small perturbation of the Orr-Sommerfeld equation results” 
[TS19]. Further, “the non-parallel flow correction is of relative order R"3/8 “ [TS19], It 
must be noted that Smith’s choice of the small parameter is based on the observation that 
“the typical wavelengths of the neutrally stable modes on the lower branch (of the O-S 
neutral curve) increase proportional to R‘1/8 as R —» °° ”, and that there is no rational 
justification for the scaling of the perturbations u, v, and p  in the three decks and for the 
stretching of the independent variables x, y, and t. While this analysis is mathematically 
feasible, it is irrelevant to a practical problem involving realistic mean flow velocity 
profiles with variable pressure gradients and surface curvature where the behavior of the 
neutral curve at asymptotically large values of R is unknown. We also note that in 
Tollmien’s and all subsequent analyses of the O-S equations, it has been shown that the 
disturbance wavelength is very large as compared with the boundary layer thickness and 
in fact the smallest unstable wavelength is of the order of 68 [TS13].
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CHAPTER 4 
RESULTS AND DISCUSSION 
4.1 Gortler Instability
An implicit, second order accurate finite difference scheme was used to integrate the 
partial differential equations governing Gortler instability. The basic flow for the present 
calculations is the Blasius boundary layer.
4.1.1 Critical Examination of Hall’s Initial Conditions 
Hall [9], in his study assumed initial conditions such as
U(ri )  = jj6 e~n\  V(;7) = 0 (4.1)
that satisfied the Navier Stokes equations. With these initial conditions we computed 
W(rj) from the continuity equation for = 0.0627, Gv = 0.1789 at £=  12.5. When we 
examine the profiles of the initial U and W velocity components, shown in figures 4.1 and 
4.2, we see that they do not have any of the characteristics of the perturbation profiles 
obtained from classical normal-mode analyses. The {/-component has zero slope near the 
wall while V(rj) = 0 by assumption. This should be no cause for alarm considering that 
the initial conditions were a solution to the Navier Stokes equation. For a closer 
examination of all three components and whether these initial conditions were in fact 
counter rotating Gortler vortices, we calculated the VF-component from the continuity 
equation. This component was again different from ones obtained from NMA and was 
seen to have an unusual double crossover profile. When the velocity vector plot in the 
rj-z plane (Fig. 4.3) is examined, it is clear that Hall’s initial conditions, though a solution 
to the Navier Stokes equations, do not correspond to streamwise vortices.











Figure 4.1: fZ-disturbance velocity profile corresponding to Hall’s initial conditions at 
= 12.5, Gv = 0.1789, and a v = 0.0627
3 2 0 2 3
W
Figure 4.2: W-disturbance velocity profile corresponding to Hall’s initial conditions at 
£0 = 12.5, Gv = 0.1789, and a v = 0.0627
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Figure 4.3: Velocity vector plot in the rj-z plane resulting from Hall’s initial conditions at 
£0 = 12.5, Gv = 0.1789, and a v = 0.0627
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4.1.2 Gortler Instability: Constant Curvature and Blasius Boundary Layer
We now sought to understand the solutions that developed as a result of such initial 
conditions by integrating the perturbation equations with Hall’s initial conditions (Eq. 
4.1) starting at £=  12.5 for a constant curvature wall. Our focus was on the disturbance 
velocity profiles, growth rates of each component, and the examination of the velocity 
vector plot in the rj-z planes. Figures 4.4-4.6 show the evolution of the perturbation 
velocity functions in the streamwise direction along a wall of constant curvature. We see 
that the amplitude of the V-component which was zero at the starting location starts to 
grow rapidly. The amplitude of the (/-component decreases initially, eliminates the 
inflection point near the wall, while allowing for the E-component to catch up. With a 
finite E-component, and changes in the (/-component, the W-component begins to look 
more like the profile predicted by normal-mode analyses.
The corresponding variation of amplification rates with Gortler number is shown in 
Fig. 4.7. This figure shows the influence of introducing the same initial conditions at 
different ^-locations on the amplification rates. In each case, the (/-component is 
strongly damped while the E-component is highly amplified near the starting location. 
However, after some adjustment distance, the U- and E-components “asymptotically” 
tend to grow at the same rate. That the (/- and E- velocity components grow at a 
common rate was of great significance for this is precisely one of the assumptions made 
in deriving the NMA disturbance governing equations.












Figure 4.4: Streamwise evolution of the [/-perturbation velocity with Hall’s initial 
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Figure 4.5: Streamwise evolution of the V-perturbation velocity with Hall’s initial 
condition at £0 = 12.5, Gv = 0.1789, and a v = 0.0627
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Figure 4.6: Streamwise evolution of the W-perturbation velocity with Hall’s initial 
condition at 40 = 12.5, Gv = 0.1789, and a v -  0.0627
Gq -  2 .0  3 .0  4 .0  5.0
GORTLER NUMBER, G
- 3 __
Figure 4.7: Variation of growth rates with Gortler number with Hall’s initial condition 
introduced at different streamwise locations for Gv = 0.1789,
and a v = 0.0627
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In order to check whether this “asymptotic” behavior was numerical or physical in 
nature, numerical experiments were conducted with different initial conditions. When 
the asymptotic solutions for U- and V-perturbation velocities were reintroduced at the 
initial location, they converged rapidly to grow at the same rate. Solutions from the 
marching technique were then compared with results obtained from classical normal­
mode analyses. It was seen that irrespective of the location and shape of the initial 
conditions imposed, when /? u = /? v , the growth rates as well as the perturbation 
velocity profiles were in excellent agreement with corresponding solutions from normal­
mode analyses.
Thus it does not appear to be a mere coincidence when J3 u = J3 v for the marching
solution that the perturbation velocity functions of the marching and normal-mode 
solutions converge. This seems to indicate, in fact, that the normal-mode eigenfunctions 
are indeed the “natural” solutions to the marching Gortler problem, and suggests that the 
normal-mode eigenfunctions are indeed the “natural” initial conditions for the marching 
technique.
Figures 4.8-4.11 and 4.12-4.15 show U- and V-perturbation velocity functions 
obtained from the marching technique and normal-mode analyses for A = 300. The 
solution from a normal-mode analysis was specified as the “natural” initial condition in 
one case, while Hall’s initial conditions (Eq. 4.1) were specified in the other. The initial 
conditions were introduced at G = 2.0 and the resulting perturbation velocities are 
compared at G = 2.5, 5.0, 7.5, and 10.0, with the eigenfunctions from corresponding 
normal-mode analyses with quasi-parallel and parallel basic flows. Notice the excellent 
agreement of the U- and V-perturbation velocity components of the marching solution
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WITH HALL'S INITIAL 
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NMA (Q UASI-PARALLEL)  
NMA (PARALLEL)
U
Figure 4.8: Comparison of (/-perturbation velocity profiles, G = 2.5, a  = 0.2585 
(Go = 2.0, A= 300)
U
Figure 4.9: Comparison of (/-perturbation velocity profiles, G = 5.0, a = 0.2585 
(Go = 2.0, A= 300)






Figure 4.10: Comparison of (/-perturbation velocity profiles, G = 7.5, a = 0.2585 




Figure 4.11: Comparison of (/-perturbation velocity profiles, G = 10.0, a = 0.2585 
(Go = 2.0, A= 300)
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Figure 4.12: Comparison of V-perturbation velocity profiles, G = 2.5, a  = 0.2585 
(Go = 2.0, A= 300)
r ©
V/V,Jm ax
Figure 4.13: Comparison of V-perturbation velocity profiles, G = 5.0, a  = 0.2585 
(Go = 2.0, A= 300)






Figure 4.14: Comparison of V-perturbation velocity profiles, G = 7.5, a  = 0.2585 
(Go = 2.0, A= 300)
v/v.Jm ax
Figure 4.15: Comparison of V-perturbation velocity profiles, G = 10.0, a  = 0.2585 
(Go = 2.0, A= 300)
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(with the “natural” initial conditions) with the eigenfunctions of the corresponding 
normal-mode analyses. Solutions from the marching technique with Hall’s initial 
conditions bring out the trend discussed earlier. While Figs. 4.8-4.11 show that the LA- 
component has quickly adjusted to take the correct shape, Figs. 4.12-4.15 show the 
relative difference in the F-component, its rapid growth in the streamwise direction, and 
the eventual agreement with the other profiles.
Figures 4.8-4.11 and 4.12-4.15 also show comparisons of the eigenfunctions from 
normal-mode analyses with parallel basic flow. It is seen that the relative differences in 
the U- and F-components are negligible for the wide range of Gortler numbers.
The variation of growth rate with Gortler number is shown in Fig. 4.16. While the 
marching solution with Hall’s initial conditions shows strong damping of the U- 
component, strong growth of the F-component and “asymptotic” growth after an 
adjustment region, the solution with the “natural” initial conditions shows that the 
components grow at the same rate right from the starting location. The corresponding 
growth rates predicted by normal-mode analyses with quasi-parallel and parallel basic 
flow assumptions are also shown in Fig. 4.16. The agreement with the marching solution 
and normal-mode solutions with quasi-parallel and parallel basic flow is excellent.
Comparisons were made for a wide range of A with solutions extending up to G = 20. 
Similar results were obtained in each case. Thus, the various neutral curves obtained by 
Hall (Fig. 1.2 and Ref. 9) are the result of the selection of mathematically feasible but 
physically unrealistic initial conditions rather than due to some fundamental fluid 
dynamic phenomena.
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GORTLER NUMBER, G
Figure 4.16: Comparison of growth rates from the marching technique and normal mode 
analyses, Go = 2.0, A= 300
We then conclude that the solutions to the Gortler instability problem on a constant 
concave curvature surface, where the basic flow is the Blasius boundary layer, are 
normal-mode solutions obtainable from both the normal mode analyses and the marching 
technique. It also appears that solutions from normal-mode analyses provide physically 
and theoretically meaningful initial conditions for the marching technique.
4.1.3 Effect of Mean Flow Assumptions on Neutral Stability
The multiplicity of neutral curves (Fig. 1.1) begs another question. Which is the 
“correct” neutral curve? In view of the considerable importance to identifying the 
“correct” neutral curve, several studies [5, 6] have sought to answer this question and 
none has been conclusive. The different mean flow assumptions made and the solution
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techniques adopted in the various NMA studies resulted in neutral curves that differ 
significantly.
We conducted a normal mode analysis on the effect of the various non-parallel basic 
flow terms in Eqs. (2.13)-(2.17) on neutral stability while keeping the solution technique 
the same. The various mean flow assumptions made and the resulting neutral curves are 
shown in Fig. 4.17. It is clear that mean flow assumptions significantly affect neutral 
stability. The debate regarding this curve is justified considering it demarks the region of 
instability where the disturbances grow from the region of stability were all disturbances 
dampen.
The question then was “what is the effect of the different neutral curves that resulted 
from the various mean flow assumptions on an actual physical problem?” In a practical 
problem, the primary interest is in the determination of the disturbance amplification or 
growth that leads to boundary layer transition. The most commonly used empirical 
technique at present is the so-called en method [17, 18] in which the ratio of the final 
amplitude to the initial amplitude (at the neutral point) is determined. In the case of TS- 
waves, the problem is solved by following the amplitudes or integrated growth rates of 
the most amplified frequencies.
A similar approach to Gortler instability would suggest that one must determine the 
wave number and n-factor of the most amplified Gortler vortices. All available 
experimental data clearly indicates the presence of a single dimensional vortex 
wavelength for given geometry and flow conditions; that this dimensional wavelength is 
fixed and does not change in the entire concave region. While there have been studies on 
the vortex wavelength selection mechanism [25], in our opinion, there is yet no
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Figure 4.18: Variation of normal mode n-factors with A for different mean flow 
assumptions
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conclusive explanation for the selection process. However, we assume for the present 
that the wavelength observed in any experiment corresponds to the most amplified 
Gortler vortices predicted by NMA.
As a precursor to determining the total amplification or n-factor, the growth rate for 
given Gortler and wave number for a fixed non-dimensional wavelength was determined 
for each of the different mean flow assumptions. The matrix of growth rates (Tables A l- 
A17 and Figures A1-A17) that resulted from this study is attached in Appendix A.
The n-factor for a given nondimensional wavelength is defined by the following 
equation:
n = 4 /3  £ ' 0 / G  dG
The n-factors were computed for various nondimensional wavelengths starting from 
the neutral curve to a maximum Gortler number of 20. Figure 4.18 shows the variation of 
the n-factor with A. We see that there is no significant difference in the n-factors 
computed for the cases with various mean flow assumptions.
It is also quite clear that though the neutral curves differ significantly at low Gortler 
numbers, the amplification rates are small and their contribution to the integrated growth 
rate or n-factor is negligible. The nondimensional wavelength of the most amplified 
Gortler vortex predicted by each of the mean flow assumption cases was approximately 
210.
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4.1.4 Gortler Instability: Variable Curvature and Blasius Boundary Layer
We have thus established for Gortler instability on a constant curvature concave 
surface with a Blasius boundary layer that the solutions can be obtained from normal­
mode analyses as well as from the marching technique. We have also established that 
though the effect of neglecting various non-parallel basic flow terms (in normal-mode 
analyses) on the neutral curves is significant, their effect on integrated amplification is 
minimal. This has powerful implications for other situations involving variable curvature 
(concave/convex), pressure gradients, and suction where it is appears that the normal­
mode approach may not be mathematically tenable. Clearly, the history of the vortices is 
not accounted for and the assumption that the disturbance velocity components grow at a 
common rate in the NMA may place serious limitations even for a Blasius boundary layer 
analysis. In such cases, the normal-mode solution could provide reasonable initial 
conditions for the present technique.
The hypothesis that variable curvature can cause the disturbance velocity components 
to grow at different rates was put to the test by studying Gortler instability in a Blasius 
boundary layer with variable curvature using the present technique. The curvature 
distribution was chosen such that the solution proceeded from a region of concave 
curvature onto a region of convex curvature. The sole purpose being to study the 
growth/damping of Gortler vortices in the presence of variable curvature distribution. 
Computations were carried out for a number of curvature distributions. The following 
discusses once such case.
Figure 4.19 shows the variation of curvature distribution with x  for the wave number 
a v = 0.0913. This surface has a region of constant concave curvature, variable

























Figure 4.19: Streamwise variation of curvature
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Figure 4.20(a): Normalized perturbation velocity profiles and velocity vector plot at 
x = 20.2, Gv = 0.685, a v = 0.0913
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Figure 4.20(b): Normalized perturbation velocity profiles and velocity vector plot at 
x = 60.2, Gv = 0.165, a v = 0.0913
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Figure 4.20(c): Normalized perturbation velocity profiles and velocity vector plot at 
* = 80.2, Gv = -0.10, « v = 0.0913




Figure 4.20(d): Normalized perturbation velocity profiles and velocity vector plot at 
x = 160.2, Gv = -0.10, a v = 0.0913
w
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Figure 4.20(e): Normalized perturbation velocity profiles and velocity vector plot at 
x = 200.2, Gv = -0.10, a v = 0.0913
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Figure 4.20(f): Normalized perturbation velocity profiles and velocity vector plot at 
x = 260.2, Gv = -0.10, a v = 0.0913







Figure 4.21: Streamwise variation of perturbation energy in the variable 
concave/convex curvature region
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curvature, followed by a region of constant convex curvature. Positive G v denotes
concave curvature while negative G v convex curvature. As expected, the vortices grew
at a common rate in the constant concave region. In the variable concave and convex 
regions the disturbance velocity components grew at different rates. It is obvious the 
restrictive assumption that disturbance velocity components grow at a common rate in 
NMA renders the method inapplicable to this problem.
The normalized disturbance velocity profiles as well as the velocity vector plot in the 
rj-z plane over one wavelength for different streamwise locations is shown in the figure 
4.20(a)-4.20(f). The disturbance velocity profiles in the constant concave region at x  = 
20.2 and G v =0.685 shown in Fig. 4.20(a) is not unusual. The disturbance velocity
vector plot in the rj-z plane shows the vortex to be embedded in the boundary layer close 
to the surface. At x  = 60.2, G v =0.165, still in the concave region, the vortices are still
embedded in the boundary layer (Fig. 4.20(b)).
Going into the convex region, the disturbance velocity profiles are seen to change in 
shape. At x = 80.2 and G v = -  0.10, (Fig. 4.20(c)), the location of maximum V has
moved away from the surface. Examination of the velocity vector plot in the rj-z plane 
shows the vortices now rising away from the surface. As one examines figures 4.20(d)- 
4.20(f), significant changes in the velocity profiles can be seen. The U component 
switches sign, and shortly thereafter, the V and W components also switch signs. This 
process repeats as one proceeds downstream. Examination of the velocity vector plots 
shows the original vortex pair lift off the surface and a new vortex pair forming even as 
the former is dissipating into the freestream.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
60
Significant observations are that the new vortex pair is rotating in a direction opposite 
to that of the original pair, and that the dissipation of vortices and formation of new ones 
continues to occur as the solution proceeds downstream. At the same time, the strength 
of each new vortex pair is significantly less than that of its predecessor.
Figure 4.21 shows the variation of vortex energy in the streamwise direction. The 
vortex energy reaches a peak towards the end of the concave region followed by 
significant damping in the convex region.
This numerical study of the growth and damping of Gortler vortices in a boundary 
layer with variable concave/convex curvature was the first ever. Whether the hitherto 
unknown phenomenon of the Gortler vortex liftoff in the convex region predicted by the 
current method is strictly numerical or exists in physically realistic flow was to be 
answered when this analysis was extended to study the Gortler instability on the airfoil 
tested by Mangalam et al. in the NASA Langley Low Turbulence Pressure Tunnel.
4.1.5 Gortler Instability on an Airfoil: Comparison with Theory
We now use the marching technique to theoretically examine the Gortler instability 
on the airfoil used in the LTPT experiment by Mangalam and Dagenhart [13-16], The 
relatively flat pressure distribution, i.e., the Blasius-like boundary layer upstream of the 
concave region and the continuous concave/convex curvature provides for ideal 
comparison with present theory. While other experimenters observed no significant 
variation in vortex wavelength with changes in freestream conditions, Mangalam and 
Dagenhart clearly observed the variation of vortex wavelength with freestream 
conditions.
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The marching technique was used to conduct numerical experiments to understand 
the evolution/development of the Gortler vortices in the boundary layer of this airfoil and 
to see if this technique predicted a unique most amplified vortex wavelength. The 
governing partial differential equations were integrated starting near the beginning of the 
concave region with initial conditions from normal-mode analyses. For a given chord 
Reynolds number, Rec, varying the dimensional Gortler vortex wavelength in the 
computations was seen to have a direct effect on the ratio of maximum amplitude to 
initial amplitude of the perturbation velocity components.
Figure 4.22 shows the variation of the ratio of the maximum amplitude to the initial 
amplitude of the streamwise perturbation velocity component with dimensional vortex 
wavelength for Rec of 1.0, 2.1, 3.1, and 3.67 million. It can be seen that for a given Re, a 
unique most amplified Gortler vortex wavelength is predicted; this wavelength is 
dependent on the chord Reynolds number and decreases with increase in Rec. Present 
theory unambiguously predicts a unique most amplified Gortler vortex wavelength that 
clearly varies with freestream conditions. If the maximum amplification were expressed 
in terms or n-factors (logarithm of the amplification ratios), the distinction would be less 
apparent than seen in the above figure.
The experimentally observed wavelengths and theoretically most amplified Gortler 
vortex wavelengths plotted as functions of the maximum Gortler number are shown in 
figure 4.23. Experimentally observed and theoretically most amplified, Gortler vortex 
wavelengths are in excellent agreement. (Note vertical scale starts at a Gortler number of 
25.
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Figure 4.23: Variation of theoretically predicted most amplified vortex wavelength 
(dimensional) with maximum Gortler number; comparison with 
experiment
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We now examine the evolution of the Gortler vortex as predicted by the present 
technique and compare with available experimental observations for Rec of 2.1 million. 
At this Reynolds number the dimensional wavelength of the vortices from the LTPT 
experiment is approximately 0.3 cm. The experimental streamwise velocity perturbations 
for 15.0, 25.0, and 27.5% chord locations are shown in Fig. 4.24 as the variation of 
U r,ns / U e versus J]. The streamwise perturbations can be seen to amplify throughout the
concave zone which extended from xlc = 0.175 to xlc = 0.275 (Fig. 4.25). An interesting 
point to note is the presence of Gortler vortices upstream of the concave segment at 15% 
chord. Some data from locations in the convex region starting from xlc = 0.275 exhibited 
double peaked profiles which could not be compared with classical NMA because NMA 
solutions cannot be obtained in regions of convex curvature. Perturbation velocity 
profiles at other chord locations and different Reynolds numbers are available in 
references 14 and 15.
Let us now follow the development of Gortler vortices along the concave and convex 
regions or the airfoil using the present technique. The governing partial differential 
equations, being parabolic, allow for the solution to proceed through the concave and into 
the convex region with ease. For the first time ever, the nature and sequence of events 
occurring in the convex region of an airfoil was computationally examined by the present 
technique. Typical velocity profiles and the corresponding vector plots are shown in 
Figs. 4.26-4.31. The perturbation velocity profiles and the corresponding vector plots 
clearly show the well-known features of Gortler vortices in the concave region. We 
observe in Fig. 4.26(b) that a local streamwise velocity deficit is produced by the 
upwelling flow at the center of the plot frame. At each end of the frame the action of the
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Figure 4.24: Streamwise perturbation velocities, Rec = 2.1 million (Ref. 13-16)
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Figure 4.25: Variation of maximum disturbance amplitude in the test region (Ref. 13-16)
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Figure 4.26: Perturbation velocity profiles and velocity vector plots at x/c = 0.25 
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Figure 4.27: Perturbation velocity profiles and velocity vector plots at x/c = 0.284 
(k= 0.3 cm, Rec = 2.1 million
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Figure 4.28: Perturbation velocity profiles and velocity vector plot at x/c = 0.285 
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Figure 4.29: Perturbation velocity profiles and velocity vector plot at x/c = 0.286 
(k= 0.3 cm, Rec = 2.1 million)
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Figure 4.30: Perturbation velocity profiles and velocity vector plot at x/c = 0.2896 









/ '  
i *
V '\ -•
Figure 4.31: Perturbation velocity profiles and velocity vector plot at x/c = 0.3114 
(k= 0.3 cm, Rec = 2.1 million)
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Figure 4.32: Flow visualization using sublimating chemicals, Rec = 3.21 million, 
(Ref. 13-16)




Figure 4.33: Flow visualization using sublimating chemicals, Rec = 3.67 million, 
(Ref. 13-16)
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V-component is to produce a local surplus in the streamwise velocity. The streamwise 
surplus produces a local increase in surface shear while the deficit causes a local decrease 
in the surface shear. It is this spanwise sinusoidal variation of surface shear stress which 
produces the alternating black and white streaks in the flow visualization photographs 
(Figs. 4.32 and 4.33).
Figures 4.26-4.31 show the perturbation velocities and the velocity vector plots in the 
rj - z  plane. The V-perturbation velocity is particularly sensitive to changes in curvature. 
The effect of a decrease in the concave curvature has been to decrease the relative 
amplitudes or V and W, while U continues to amplify (Fig. 4.34). The V and W 
components not only continue to decrease in amplitude but also change sign in the 
convex zone. By x/c = 0.29, the V-perturbation velocity is in phase with the U- 
perturbation velocity whereas in the concave zone they were out of phase by ;r radians. 
Proceeding further downstream, the shape of the {/-perturbation profiles change and by 
x/c = 0.31 the U- and V -perturbation velocities are once again out of phase by it radians. 
The corresponding velocity vector plots in the convex region reveal a very interesting 
picture.
As one proceeds from the concave to convex region, the original vortex pairs lift off 
the surface and dissipate over a very short distance, while a new layer of counter-rotating 
pairs of vortices begins to form near the surface. In this region the streamwise velocity 
profiles are double peaked and surprisingly similar to the experimentally observed 
disturbance profiles. A comparison of the experimentally observed spanwise distribution 
of the streamwise velocity at various y-locations in the concave and convex regions 
shown in Figs. 4.35 and 4.36 further confirms their presence. While the streamwise
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Figure 4.34: Variation of perturbation amplitudes in the streamwise direction for 
Rec = 2.1 million
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Figure 4.35: Spanwise variation of streamwise velocity component in the concave region 
at x/c = 0.25 for Rec = 2.1 million (Ref. 13-16)
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Figure 4.36: Spanwise variation of streamwise velocity component in the convex region 
at x/c = 0.3375 for Rec = 2.1 million (Ref. 13-16)
Figure 4.37: Flow visualization photograph showing vortex liftoff in the concave/convex 
region of airfoil (Ref. 13 -16)
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velocity at different y-locations are in phase along the span in the concave region, a clear 
phase shift is evident in the streamwise velocity variation in the convex zone indicating 
the presence of double peaked streamwise disturbance profiles.
Another consequence of the formation or this new system of vortices is a 
reorganization of the spanwise surface shear stress distribution. As one proceeds from 
the concave to the convex zone, regions of maximum surface shear become regions of 
minimum surface shear and vice-versa, i.e., the spanwise periodicity of shear stress 
distribution is shifted by a half wavelength. The region between the shifts is highlighted 
by a decrease in the amplitude of U- as well changes in its shape and sign. This results in 
a decrease in spanwise variations of surface shear stress in this region.
Row visualization photographs and a sketch (based on experimental run logs 
maintained by Mangalam and Dagenhart) for the sublimating chemical pattern in the test 
region shown in Fig. 4.37 clearly confirm the occurrence of this phenomenon. Clear 
shifts in the pattern of dark and white bands can be seen at x/c ~ 0.29. This phenomenon 
was reported in an earlier paper [15] as “apparent vortex mergers.” In the region 
separating the concave and convex zones, a spanwise fairly uniform surface shear is 
indicated by the presence of a narrow patch of the white sublimating chemicals. This is 
the region where the original pairs of Gortler vortices from the concave region are lifted 
off and a new set or counter-rotating vortices begin to form near the surface. Further 
downstream, the streak pattern is reestablished with a half wavelength shift from the 
pattern in the concave region. The locations of the experimentally observed spanwise 
half wavelength shifts in surface shear stress distribution agreed well with the theoretical 
predictions based on the current technique.
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4.2 Tollmien-Schlichting Instability
In seeking to establish a view of natural transition completely different from the 
existing, we will review some of the earliest experimental investigations for their 
unbiased accounts and show that the disturbances seen were inherently three- 
dimensional.
Efforts to introduce Tollmien-Schlichting waves into the boundary layer with 
vibrating ribbons will be critically examined. We will show that ribbons, even under 
ideal conditions, introduce unacceptable large scale disturbances into the boundary layer.
Finally, this study will seek to establish a different view of transition, one that 
involves the exchange of energy from higher to lower frequency perturbations, this being 
the key phenomena in the unique relationship that exists between the dominant 
frequency, the spanwise wavelength, and the transition onset location. This involves a 
radically different perspective of transition from that required by the Orr-Sommerfeld 
equations and the associated N-factor empiricism.
4.2.1 Natural Three-Dimensionality in the Klebanoff, et al. Investigation
Klebanoff, et al. [TS10] investigated the growth of Tollmien-Schlichting (TS) waves 
using the vibrating ribbon technique originally developed by Schubauer and Skramstad 
[TS8], The experiment was conducted on a 12 ft. long, 4.5 ft. wide and 0.25 inch thick 
aluminum plate with a symmetrically tapered and sharpened leading edge. This plate was 
mounted vertically and centrally in the Bureau of Standards 4.5 ft. wind tunnel. The 
pressure gradient was adjusted to be zero along the plate. Ribbon induced TS waves as 
well as natural TS waves were studied.
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The ribbon induced TS waves were created by vibrating a brass ribbon placed close to 
the surface and within the boundary layer. This ribbon was 0.002 in. thick, 0.018 in. 
wide, and 36 in. long. The ribbon was in the transverse direction to the flow, 0.009 in. 
from the surface, and 35 in. from the leading edge. The central 13 in. of the ribbon was 
free to vibrate.
Klebanoff et al. observed the “development of three dimensionality” and noted that 
“this three dimensional pattern was an inherent phenomena constituting an important 
aspect of boundary layer stability”. To study this phenomenon, three dimensionality was 
introduced by placing strips of 0.05 in. long cellophane tape (0.003 in. thickness) 0.5 in. 
apart on the plate beneath the vibrating ribbon.
Figure 4.38 shows the spanwise variation of the u-fluctuation at 0.042 in. from the 
surface at different locations downstream of the vibrating ribbon. The frequency of 
oscillation is 145 Hz and the unit Reynolds number is 3.1 x 105 per foot; Uj is the 
freestream velocity while u 'is the root mean square (RMS) of the streamwise component 
of the disturbance.
It is clear from this figure that three dimensionality is established within 3 inches 
downstream of the ribbon; that spanwise wavelength and position is maintained as one 
proceeds downstream; and that the disturbance amplifies spatially. It must be 
emphasized that this three dimensionality was introduced by the combined effects of the 
cellophane tape and the vibrating ribbon.
Figure 4.39 shows the spanwise variation of mean and fluctuating components of 
streamwise and spanwise velocity in the boundary layer. The W and w / are the RMS 
values of the spanwise component of the mean flow and of the disturbance, respectively.
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Figure 4.38: Spanwise distributions of intensity of n-fluctuations at different distances 
downstream from vibrating ribbon 145 c/s wave, — y = 0.042 in.,
U /v  = 3.1 x 105/ft. X] = 3in., 6 in., and 7.5 in. (Ref. 10)
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Figure 4.39: Spanwise distributions of intensity of mean and fluctuating components of 
velocity 145 c/s wave, — y = 0.318 and — y = 0.118, U /v=  4.6 x 105/ft. 
(Ref. 10)





Figure 4.40: Variation of dynamic pressure through a ‘natural’ transition region as 
measured with a surface tube, U /v=  4.6 x 105/ft. (Ref. 10)
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Figure 4.41: Spanwise distributions of intensity of u-fluctuations for ‘natural’ transition: 
y  = 0.052 in., U /v=  4.6 x 105/ft. (o) 5.5 ft. and (•) 5.75 ft. from the leading 
edge. (Ref. 10)
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The mean flow is clearly three dimensional and Klebanoff et al. [TS10] note that this 
indicates the existence of longitudinal counter-rotating eddies superimposed on the 
Blasius mean flow. Then there are also the fluctuating components which vary 
sinusoidally in the spanwise direction indicating that the disturbance is also three 
dimensional.
Natural transition was also studied by Klebanoff et al. [TS 10]. Transition was 
detected using a surface tube that measured the dynamic pressure (qs) in the boundary 
layer. The quantity q0 is the dynamic pressure measured upstream of the plate. Figure 
4.40 shows the variation of dynamic pressure through a ‘natural’ transition region. The 
unit Reynolds number in this case is 4.6x105 per foot. “The beginning of the transition 
region corresponds to an x-based Reynolds number of 2.8xl06, and here transition results 
from the growth of highly modulated laminar boundary-layer oscillations. The observed 
frequency of the oscillation leading to transition is 170 c/s, and as usual this falls near 
branch II of the Tollmien-Schlichting stability diagram. Transition was not well fixed, 
and the transition region is of relatively long extent compared to the extent in the 
controlled case” [TS10], Figure 4.41 shows the spanwise variation of u 'a t 5.5 ft and 5.75 
ft. from the leading edge at a height of 0.052 in. above the plate.
That the disturbances are three-dimensional with the spanwise wavelength being 
maintained spatially is obvious.
“A significant question which remains to be answered is whether there is a 
preferred or ‘natural’ spanwise periodicity” Klebanoff et al.
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4.2.2 Effect of Vibrating Ribbons in Transition Experiments
Following Schubauer and Skramstad’s experiment, there has been no dearth of 
boundary layer stability experiments on flat plates using the vibrating ribbon technique. 
Nor has there been a technique (sound, blowing, heating strips, etc.) more successful in 
generating two-dimensional TS waves. Saric [TS12] has successfully used this same 
technique to introduce a fundamental frequency and its harmonics into the boundary 
layer.
The disturbances generated by a vibrating ribbon are artificial and such studies may 
not be completely representative of the natural transition phenomena. We are of the 
opinion that transition experiments that use vibrating ribbons to induce/introduce T-S 
waves in the boundary layer may actually be misleading. The resulting view of transition 
is directly dependent on how the experiment was conducted. Focusing in particular on 
the use of ribbons, the result of the experiment is directly dependent on the location, 
frequency, ribbon span, and ribbon tension.
Among the many factors that raise questions are that all ribbons span only a small 
part of the test plate span, that the flow itself may induce ribbon vibration, that the 
vibrational characteristics of the ribbon must be studied a priori so as not to confuse its 
non-linear vibrational characteristics with that of the disturbances in the boundary layer, 
that without special care torsional modes could easily be excited.
These factors are not new and have been addressed in many ways by the various 
investigators when discussing the sensitivity of the results to experimental conditions. 
We were faced with the fact that vibrating ribbons are universally approved and accepted 
means to “induce” T-S instabilities in boundary layers. Our opinion that these
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experiments may not be representative of natural transition and may in fact be irrelevant 
was contrary to conventional wisdom and thus discounted.
Let us examine the possible effect of the vibrating ribbon in the Schubauer and 
Scramstad experiment [TS8] assuming ideal conditions. In particular let us determine the 
maximum normal velocity of the ribbon and compare with the mean flow normal velocity 
at the specified location in the boundary layer. The ribbon was of phosphor bronze 0.002 
in. thick and 0.1 in. wide at 0.006 in. from the surface and 4 ft. from the leading edge 
with a freestream velocity of 64ft./s. Assuming the maximum ribbon amplitude was 
0.010 cm., ribbon height above the surface of 0.015 cm. and 121.92 cm. from the leading
edge, the nondimensional Blasius boundary layer coordinate p was 0.1574 and Re t
=1259.3. For p = 0.2, the theoretical boundary layer normal velocity is 5.28 x 10'5 m/s. 
For the assumed ribbon amplitude of 0.01 cm. and a ribbon frequency of 40Hz the 
maximum ribbon normal velocity is 0.01256 m/s. The ratio of the maximum ribbon 
velocity to the mean boundary layer normal velocity is 238. When the ribbon frequency 
is 180Hz, the ratio of the ribbon normal velocity to the boundary layer normal velocity is 
1070. Clearly, even under ideal conditions, the ribbon introduces disturbances that are 
hundreds o f times that o f the mean normal velocity.
A similar comparison was made for the Klebanoff et al. experiment [TS10], Given 
the location of the ribbon and freestream conditions and assuming maximum ribbon 
amplitude of 0.01 cm and 145 Hz ribbon frequency, the maximum ribbon velocity is 
0.046 m/s while the theoretical mean boundary layer normal velocity is 5.47 x 10'5 m/s. 
The ratio of the ribbon velocity to the theoretical mean boundary layer normal velocity is 
846.
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When a similar ratio was determined for the Saric et al. experiment of 1984, the ratio 
of ribbon velocity to the theoretical mean boundary layer normal velocity for ribbon 
frequencies 39 to 64.2 Hz ranged from 123 to 199.
The above analysis clearly shows that the universally approved and accepted mode of 
introducing T-S waves in boundary layers in fact introduces unacceptable levels of 
disturbances into a boundary layer rendering their views of transition and conclusions 
highly questionable.
That ribbon induced disturbances were used as initial conditions in many DNS studies 
over the past decade raises doubts about their relevance to the stability of boundary 
layers. One would expect the initial conditions would be at least an order of magnitude 
smaller than the mean flow component considering that the disturbances will grow as one 
proceeds downstream and cannot be but a small percentage of the mean flow velocity 
components. Clearly DNS solutions did not exhibit behavior consistent with initial 
conditions being at least an order of magnitude greater than the mean flow velocity 
component. In light of the above observations and those made in chapter 3, the relevance 
of the results and conclusions of DNS studies to boundary layer flows must be carefully 
examined.
4.2.3 Three Dimensional Instability and Hypothesis on Transition
A consistently derived set of perturbation governing equations was solved as an 
eigenvalue problem. The frequency and spanwise wave number were specified and the 
wave number determined by iteration. Since there is a dearth of natural transition studies, 
we will theoretically examine the natural transition study of Klebanoff et al. [TS10].
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The goal here was to address the Klebanoff et al. question on ’’whether there is a 
preferred or ‘natural’ spanwise periodicity”.
Our theoretical study indicates that in natural transition there is a preferred spanwise 
periodicity; that a unique relationship exists between the dominant frequency, the 
spanwise wavelength, and the probable transition onset location.
The stability of the Blasius boundary layer to three dimensional disturbances of 
various frequencies and spanwise wavelengths was studied for a Reynolds number of 
4.6xl05 per foot over 8 ft. of the chord. The frequencies examined ranged from 47 Hz to 
284 Hz. The parameters scrutinized were the amplification rate a  (, wave number a ,., 
phase velocity C r , and the perturbation energy E in the boundary layer.
Figure 4.42 shows the streamwise variation of the growth rate a  j for a spanwise
wavelength (A*) of 2.5 in. The frequency range is from 47 Hz to 284 Hz. Negative a t
is indicative of amplification. The lowest frequency shows most damping with the 
perturbation starting to amplify at about 5.75 ft. from the leading edge while the highest 
frequency is unstable and amplifying at the 1 ft. chord location. The highest 
amplification rate is achieved by the highest frequency that quickly reaches its maximum 
and is attenuating by 3.5 ft. chord location. The lower frequencies tend to start 
amplifying further downstream with the amplification rates being much smaller, but the 
streamwise extent over which these waves amplify is relatively larger.
The variation of the streamwise wavenumber, a  r, of the perturbation for various
frequencies is shown in Fig. 4.43. The low frequency perturbation has the smallest 
wavenumber that is relatively unchanged over the streamwise extent of the computation.
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Figure 4.42: Variation of growth rate in the streamwise direction for frequencies from 47 
-  284 Hz., R = 460,000/ft., X\  = 2.5 in.
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Figure 4.43: Variation of a  r in the streamwise direction for frequencies from 47 -  284 
Hz., R = 460,000/ft., X\  = 2.5 in.
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The higher frequency perturbation has the largest wavenumber that is seen to decrease as 
one proceeds downstream.
The streamwise variation of phase velocity is shown in Fig. 4.44 for various 
frequencies. The propagation velocity is lowest for the lowest frequency indicating that 
these perturbations are of long wavelength and propagate slowly in the boundary layer, 
while the higher frequencies propagate relatively quicker. For a given frequency the 
propagation velocity is seen to increase as one proceeds downstream.
Figure 4.45 shows the streamwise variation of perturbation energy for the different 
frequencies. The disturbance is assumed to be isotropic at the start of the computations. 
As we proceed downstream we see that the higher frequency reaches a peak (saturation) 
energy level after which it starts to decrease. At its peak, we see that the energy of the 
next lower frequency is still increasing. The next lower frequency reaches its peak 
energy level further downstream. This is seen to occur with the energy levels being 
higher for the lower frequencies. Each frequency reaches its peak at a downstream 
location beyond that of the next highest frequency.
We now look at the case A* = 1.9 inch. Figure 4.46 shows the streamwise variation 
of the growth rate a ,. The trend is similar to that of Fig. 4.42 with the exception that the 
lowest frequency tends to start amplifying at 4.6 ft. chord location in place of 5.75 ft. for 
case of A*z = 2.5 in. The maximum amplification rate for the lower frequencies is seen to
be comparatively smaller. The chordwise variation of the streamwise wavelength (Fig. 
4.47) shows the same trend as in Fig. 4.43. The chordwise variation of the phase velocity 
is shown in Fig. 4.48. Here we see that the spread in the propagation velocity is smaller









Figure 4.44: Variation of propagation velocity in the streamwise direction for 






Figure 4.45: Variation of energy in the streamwise direction for frequencies 
from 47 -  284 Hz., R = 460,000/ft., A] =2.5 in.
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Figure 4.47: Variation of a , in the streamwise direction for frequencies









Figure 4.48: Variation of propagation velocity in the streamwise direction for 




Figure 4.49: Variation of energy in the streamwise direction for frequencies 
from47 -  284 Hz., R = 460,000/ft., X\  -  1.9 in.
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Figure 4.50: Variation of energy in the streamwise direction for frequencies
from 47 -  284 Hz., R = 460,000/ft., X * = 3.8 in.
Figure 4.51: Variation of energy in the streamwise direction for frequencies 
from 47 -  284 Hz., R = 460,000/ft., X * = 3.0 in.
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Figure 4.52: Variation of energy in the streamwise direction for frequencies from 
47 -  284 Hz., R = 460,000/ft., / I ! = 2.5 in.
&
Figure 4.53: Variation of energy in the streamwise direction for frequencies 
from47 -  284 Hz., R = 460,000/ft., A* =2.15 in.
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Figure 4.54: Variation of energy in the streamwise direction for frequencies 
from 47 -  284 Hz., R = 460,000/ft., A* = 1.9 in.
15 r
Figure 4.55: Variation of energy in the streamwise direction for frequencies 
from 47 -  284 Hz., R = 460,000/ft., A * = 1.7 in.
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in comparison to that in Fig. 4.44, and that this spread is the least between the 5 ft. and 7 
ft. chord location.
The variation of perturbation energy is shown in Fig. 4.49. Here we see that while 
the perturbation energy peaks and then decreases for a given frequency, there is a 
frequency band that reaches the highest energy level. This energy level is neither reached 
by an incrementally lower frequency band nor an incrementally higher frequency band. 
This peak frequency band is thought to be the transition frequency band and the 
streamwise location of the peak is indicative of the transition onset location. Thus, in the 
present numerical study, we observe a unique combination where the perturbations with a 
spanwise wavelength of 1.9 in. and a band of frequencies between 166 Hz and 177 Hz 
achieve maximum energy levels at a chord location between 5.75 ft. and 6.25 ft. 
Klebanoff et al. [TS10] observed the onset of transition at about 6 ft, the observed 
frequency at transition was 170 Hz and the average spanwise wavelength was about 1.5 
inches.
The energy curves for spanwise wavelengths of 3.8 in., 3.0 in., 2.5 in., 1.9 in., and 1.7 
in. are shown in Figs. 4.50-4.55. The computation extends to a chordwise length of 10 ft. 
We see that for A * = 3.8 in. the energy peaks continue to be higher for lower frequencies
over the entire length of the computation, i.e., the peak energy in an incrementally lower 
frequency continues to increase. Our hypothesis leads us to conclude that the spanwise 
wavelength of the perturbations at transition is definitely less than 3.8 inches. Figure 
4.52 shows the energy curves for spanwise wavelength of 2.5 in. The energy curves 
show a maximum for a frequency of 154 Hz at a chord location of 7.6 ft. We see that as 
the spanwise wavelength is decreased, energy maximums occur for higher frequencies
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with these peaks being reached further upstream. We emphasize that transition onset is 
predicted by the combination of the location of maximum energy and the rate at which 
the energy is being released by the perturbations into the mean flow. From Fig. 4.54 
(same as Fig. 4.49), we see, as before, that for a spanwise wavelength of 1.9 in. transition 
will onset between 5.75 ft. to 6.25 ft. with the dominant frequencies being between 166 
Hz-177 Hz. If experimental conditions are conducive for smaller wavelengths, then 
transition occurs further upstream; the dominant frequency at transition is relatively 
higher; and transition is more abrupt.
A critical examination of the streamwise variation of energy in the perturbations of 
various frequencies reveals a possible clue to the process of transition. By following 
energy curve for any given frequency, we see that at a particular chord location it reaches 
its maximum after which it decreases. In other words, an increase in energy is absorption 
of energy from its environment, while a decrease is a release of energy into the 
environment - be it by a direct transfer or through viscous dissipation. When the energy 
of a given frequency perturbation starts to decrease, energy is being released which is 
absorbed by incrementally lower frequencies whose peak energy levels are relatively 
higher. Thus for perturbations with long spanwise wavelengths, the energy is 
continuously cascading from the higher frequencies to the lower frequencies. These 
lower frequencies not only absorbed the cascading energy but also contain increasingly 
higher levels of energy. Therefore, if experimental conditions are conducive to long 
spanwise wavelengths then one would see slow moving low frequencies perturbations 
with the highest energy content. The boundary layer would be considered laminar under 
these conditions and transition would be hard to detect.
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On the other hand, if experimental conditions are conducive to transition, then the 
observed frequencies would be of smaller spanwise wavelengths; the cascading energy 
would be absorbed by lower frequencies up to a particular frequency because the peak 
energy level of the incrementally lower frequency is in fact less. When energy that is 
being released by all subsequent lower frequencies is neither absorbed elsewhere nor 
dissipated quickly, a catastrophic breakdown of a periodic and well-ordered perturbation 
with high energy levels occurs. This process is what is known as transition.
The energy which is released into the mean flow by the broad spectrum of perturbations 
is seen as an increase in the mean dynamic pressure in the boundary layer [TS10], or as 
turbulence, depending on whether processes in the boundary layer can extract this excess 
energy either through viscous dissipation which increases the temperature, or through 
cooling of the walls. If there is spanwise variation in amplification for any possible 
reason, then it is possible that energy saturation may occur earlier over one or more 
spanwise wavelength at a particular span location. The cascading energy release would 
be observed as turbulent bursts [TS16] and is the reason why “everyone was seeing 
spots” [TS17]. Furthermore the unsteady release of energy also leads to what Schubauer 
and Klebanoff coined as “intermittency” [TS18].





Gortler instability in Blasius boundary layers was successfully investigated with both 
the Normal Mode Approach as well as the finite difference/marching technique. A 
critical understanding of this instability and the solution techniques was achieved. The 
key achievements of this study are as follows:
1. The multiple neutral curves and the conclusions reached by Hall that the development 
of Gortler vortices crucially depended on how and where the boundary layer is 
perturbed is the result of mathematically feasible but physically unrealistic initial 
conditions rather than due to some fundamental fluid dynamic phenomenon.
2. Solutions to the Gortler instability problem on a constant concave curvature surface, 
where the basic flow is the Blasius boundary layer can be obtained from the marching 
technique with realistic initial conditions as well as from the Normal Mode Apporach. 
The solutions from these two methods are practically identical solutions.
3. With the history of the vortices not accounted for and the assumption that the 
disturbance velocity components grow at a common rate in NMA places serious 
limitations on its use in situations involving variable curvature, pressure gradients, 
and suction. In such cases, the NMA solution is a reasonable initial condition for the 
present technique.
4. The first ever study of the development of Gortler vortices on a surface with variable 
concave/convex curvature was conducted.
a. The disturbances were seen to grow at a common rate in the starting constant 
concave curvature region.
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b. In the variable concave and convex regions the disturbance velocity 
components grew at different rates.
c. The restrictive assumption that the disturbance velocity components grow at a 
common rate in NMA renders the method inapplicable to such problems.
d. For the first time ever, the development of the vortices in the convex region 
was studied. While significant damping of the vortices was observed going 
into the convex region, a hitherto unknown phenomenon of vortex liftoff was 
observed. The original vortex pair was seen to lift off the surface and 
dissipate into the freestream while a new vortex pair of opposite rotation 
formed underneath. This phenomenon of vortices dissipating into the 
freestream and new pairs of opposite rotation forming was found to repeat as 
we proceeded downstream.
5. The first ever theoretical study of Gortler vortices in the concave/convex regions of 
the airfoil tested in the NASA Langley Low Turbulence Pressure Tunnel was 
conducted by the present technique. Significant results were obtained and the unique 
fluid dynamic phenomenon of vortex liftoff in the convex region was observed in 
these numerical experiments.
a. Computed most amplified Gortler vortex wavelengths are in excellent 
agreement with experimentally observed wavelengths over a wide range of 
chord Reynolds numbers.
b. In the convex region, the Gortler vortices were seen to liftoff and dissipate 
into the freestream while a new pair with opposite rotation formed. Double 
peaked streamwise perturbation velocity profiles, half wavelength shift in
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spanwise shear, and phase shift in spanwise distribution of streamwise 
velocity was evident as a result of the vortex liftoff phenomenon predicted by 
the present technique.
c. The theoretically predicted vortex liftoff phenomenon and half wavelength 
shift in spanwise shear in the convex region was confirmed through the 
reexamination of flow visualization pictures.
d. The double peaked streamwise perturbation velocity profiles obtained from 
the present technique were also confirmed by experimental results.
6. The numerical discovery of the vortex liftoff phenomenon and the subsequent 
experimental confirmation is not only significant to our understanding of Gortler 
instability but is also the discovery of a new fluid dynamic phenomenon; discoveries 
that are few and far between in recent years.
7. Mean flow assumptions made in Normal Mode Analyses significantly affect neutral 
stability. Although the neutral curves varied, the influence of the various non-parallel 
mean flow terms on the integrated growth of Gortler vortices is minimal.
8. Due to inherent mathematical limitations, the normal-mode analysis is not 
recommended for Gortler instability problems involving variable curvature and 
variable flow parameters. Normal mode solutions though, are reasonable and 
appropriate initial conditions for the present technique.
9. This technique can be extended to solve a Gortler instability problem involving 
variable curvature, pressure gradients, and suction for incompressible, compressible, 
and supersonic flows.
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5.2 Tollmien Schlichting Instability
Theoretical and experimental aspects of Tollmien Schlichting instability in Blasius 
boundary layers were successfully studied. This study led to the establishment of a new 
and radically different perspective of transition, one that involves three dimensional 
disturbances and cascading energy. The key achievements of this study are as follows:
1. The disturbances seen in all the pioneering natural transition experiments were 
inherently three dimensional and contrary to established theory where the 
disturbances are assumed to be two dimensional oblique waves.
2. The discovery that questions on a preferred or natural spanwise periodicity were 
raised by Klebanoff et al. is of great importance to this study.
3. All transition experiments that use the universally accepted and approved vibrating 
ribbons to induce/introduce T-S waves in the boundary layer may be irrelevant.
a. The resulting view of transition is directly dependent on the ribbon location, 
frequency, span, and tension; the presence of torsional modes and flow 
induced vibrations cannot be ruled out.
b. Vibrating ribbons introduce disturbances that are hundreds of times larger 
than the mean normal velocity at corresponding location in the boundary 
layer. That the vibrating ribbons are in fact nearly tripping the boundary layer 
rather than introducing a perturbation is obvious. The interpretation of 
experimental results and their relevance to our understanding of the process of 
transition is highly questionable.
c. The relevance of DNS studies of Tollmien Schlichting instability in boundary 
layers where vibrating ribbons provided the initial conditions must be
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reexamined. The initial condition is many orders of magnitude larger than the 
corresponding mean flow normal velocity; the disturbances are expected to 
grow as one proceeds downstream and yet be but a perturbation (must be a 
small percentage of the mean flow velocity components). DNS solutions do 
not reflect this inconsistency of the initial conditions being many orders of 
magnitude greater than the corresponding mean flow velocity component.
4. The Orr-Sommerfeld equation was reexamined using a consistent perturbation 
analysis and was shown to be dimensionally inconsistent for all boundary layer flows. 
Though Leslie Mack had doubts as early as 1969 regarding the validity of universally 
accepted assumptions and hand waving that went into the derivation of the Orr- 
Sommerfeld equations for boundary layer stability, no proof existed to the contrary 
till this study.
5. A completely different perspective of transition is presented, one in which the 
exchange of energy from the higher to lower frequency perturbations is a key 
phenomenon in the unique relationship that exists between the dominant frequency, 
the spanwise wavelength, and the transition onset location. The conclusions from this 
part of the study are as follows.
a. The onset of instability moves upstream with increasing frequency for a 
specified spanwise wavelength.
b. The chordwise wavelength decreases with increasing frequency and increases 
with decreasing spanwise wavelength for a given frequency.
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c. At a specified chord location the phase velocity or wave propagation velocity 
increases with increasing frequency and a specified frequency the phase 
velocity is seen to increase in the chordwise direction.
d. An explanation of transition based on this computational study is offered. 
This explanation recognizes the exchange of energy from the higher to lower 
frequency perturbations with each successive lower frequency achieving a 
higher maximum energy than the preceding one. At some point, the next 
lower frequency (and those below that) does not achieve a higher maximum 
energy. This means that these frequencies can no longer absorb the cascading 
energy. The energy cascading from the higher frequencies that cannot be 
absorbed and stored in the lower frequencies or dissipated causes a 
catastrophic breakdown of a periodic and well-ordered energy transfer 
mechanism. At “large” spanwise wavelengths, no energy maximum is seen to 
occur for given chord. At some point, as the spanwise wavelength is 
decreased an energy maximum occurs. Under these conditions, the possibility 
exists for transition to occur. Clearly spanwise wavelength has a direct effect 
on transition location.
e. An explanation for turbulent bursts and intermittency is offered. Spanwise 
variation in disturbance amplification may lead to energy saturation in one or 
more wavelengths at a particular span location. In such cases, the cascading 
energy release would be observed as turbulent bursts. Unsteady release of 
cascading energy leads to intermittency.
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f. Our view of transition is a view that is profound, physically realistic, and 
radically different from all existing schools of thought.
6. This study also highlights the dearth of natural viscous instability data and lays a 
strong case for the natural transition experiments.
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APPENDIX A
VARIATION OF GROWTH RATES WITH GORTLER NUMBER FOR 
DIFFERENT MEAN FLOW ASSUMPTIONS
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Table A l : Variation of growth rate with Gortler number for different mean flow









0.75 0.27947 -0.00150 0.04964 -0.02932 -0.00895
1.00 0.33855 0.03029 0.09558 -0.03919 -0.01068 0.04458
1.25 0.39286 0.07077 0.14972 0.00847 -0.03307 -0.00566 0.02236 0.10350
1.50 0.44363 0.11990 0.21049 0.06375 0.02451 0.06033 0.06699 0.16786
1.75 0.49165 0.17624 0.27674 0.12532 0.08811 0.13193 0.12077 0.23702
2.00 0.53742 0.23857 0.34755 0.19210 0.15675 0.20805 0.18184 0.31030
2.25 0.58132 0.30588 0.42216 0.26321 0.22957 0.28786 0.24872 0.38705
2.50 0.62362 0.37732 0.49997 0.33793 0.30587 0.37065 0.32031 0.46675
2.75 0.66453 0.45222 0.58045 0.41568 0.38509 0.45588 0.39573 0.54893
3.00 0.70422 0.52999 0.66318 0.49597 0.46672 0.54311 0.47427 0.63318
3.25 0.74282 0.61019 0.74779 0.57838 0.55038 0.63197 0.55539 0.71918
3.50 0.78044 0.69240 0.83397 0.66256 0.63573 0.72216 0.63861 0.80663
3.75 0.81718 0.77630 0.92146 0.74822 0.72246 0.81342 0.72359 0.89527
4.00 0.85310 0.86160 1.01002 0.82510 0.81034 0.90553 0.80999 0.98491
4.50 0.92279 1.03550 1.18959 1.01169 0.98872 1.09160 0.98605 1.16636
5.00 0.98994 1.21236 1.37140 1.19090 1.16950 1.27920 1.16510 1.34970
5.50 1.05490 1.39110 1.55430 1.37160 1.35150 1.46730 1.34580 1.53400
6.00 1.11790 1.57080 1.73760 1.55290 1.53410 1.65530 1.52750 1.71865
7.00 1.23890 1.93000 2.10290 1.91480 1.89810 2.02860 1.89030 2.08600
8.00 1.35420 2.28590 2.46360 2.27270 2.25760 2.39600 2.24930 2.44850
9.00 1.46480 2.63550 2.81710 2.62380 2.61010 2.75500 2.60510 2.80340
10.00 1.57140 2.97670 3.16160 2.96650 2.95390 3.10440 2.94510 3.14910
11.00 1.67450 3.30830 3.49620 3.29930 3.28770 3.44300 3.27890 3.48460
12.00 1.77450 3.62970 3.81990 3.62160 3.61090 3.77040 3.60210 3.80920
13.00 1.87180 3.93990 4.13230 3.93290 3.92280 4.08600 3.91400 4.12200
14.00 1.96660 4.23890 4.43320 4.23270 4.22320 4.38970 4.21450 4.42370
15.00 2.05920 4.52620 4.72230 4.52080 4.51200 4.68140 4.50320 4.71320
16.00 2.14970 4.80230 4.99960 4.79740 4.78900 4.96100 4.78060 4.99120
17.00 2.23830 5.06700 5.26520 5.06220 5.05430 5.22850 5.04650 5.25760
18.00 2.32530 5.31940 5.51900 5.31540 5.30790 5.48430 5.29980 5.51150
19.00 2.41060 5.56100 5.76140 5.55720 5.55000 5.72820 5.54240 5.75450
20.00 2.49450 5.79080 5.99230 5.78760 5.78080 5.96070 5.77300 5.98930
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Table A2: Variation of growth rate with Gortler number for different mean flow





V=0 Vx=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel Quasi-Parallel
0.25
0.50 0.18739 -0.00740 0.02389
0.75 0.24084 0.01786 0.06451 0.01139
1.00 0.29176 0.05345 0.11642 -0.01673 0.00712 0.06995
1.25 0.33855 0.10013 0.17726 0.03708 -0.00067 0.02182 0.04508 0.13493
1.50 0.38231 0.15360 0.24560 0.09948 0.06356 0.09347 0.09566 0.20633
1.75 0.42369 0.22070 0.32033 0.16917 0.13488 0.17199 0.15659 0.28354
2.00 0.46314 0.29211 0.40056 0.24507 0.21230 0.25630 0.22604 0.36588
225 0.50097 0.36955 0.48559 0.32634 0.29500 0.34550 0.30251 0.45276
2.50 0.53742 0.45216 0.57478 0.41224 0.38221 0.43887 0.38486 0.54361
2.75 0.57268 0.53924 0.66763 0.50128 0.47340 0.53582 0.47215 0.63794
3.00 0.60688 0.63021 0.76370 0.59564 0.56804 0.63585 0.56366 0.73534
3.25 0.64014 0.72458 0.86260 0.69221 0.66569 0.73857 0.64012 0.88548
3.50 0.67256 0.82194 0.96401 0.79150 0.76601 0.84365 0.75705 0.93862
3.75 0.70422 0.92191 1.06760 0.89321 0.86867 0.95078 0.85802 1.04270
4.00 0.73518 1.02420 1.17330 0.99705 0.97340 1.05970 0.96137 1.14930
4.50 0.79524 1.23470 1.38960 1.21020 1.18820 1.28220 1.17400 1.36730
5.00 0.85320 1.45170 1.61150 1.42940 1.40880 1.50970 1.39320 1.59070
5.50 0.90907 1.67370 1.83780 1.65330 1.63400 1.74110 1.61740 1.81830
6.00 0.96336 1.89930 2.06760 1.88100 1.86280 1.97550 1.84510 2.04930
7.00 1.06760 2.36090 2.53480 2.34450 2.32820 2.45070 2.31040 2.51080
8.00 1.16700 2.82930 3.00820 2.81450 2.80010 2.93090 2.78220 2.99350
9.00 1.26240 3.30130 3.48460 3.28870 3.27520 3.41300 3.25730 3.47100
10.00 1.35420 3.77480 3.96140 3.76330 3.75090 3.89450 3.73340 3.94900
11.00 1.44310 4.24700 4.43680 4.23680 4.22530 4.37460 4.20800 4.42500
12.00 1.52920 4.71740 4.90950 4.70770 4.69710 4.85100 4.68050 4.89900
13.00 1.61310 5.18350 5.37830 5.17500 5.16510 5.32320 5.14860 5.36800
14.00 1.69480 5.64550 5.84240 5.63780 5.62850 5.79030 5.61240 5.83290
15.00 1.77450 6.10280 6.30120 6.09540 6.08660 6.25180 6.07120 6.29350
16.00 1.85250 6.55420 6.75410 6.54720 6.53890 6.70720 6.52400 6.74600
17.00 1.92890 6.99930 7.20070 6.99290 6.98500 7.15610 6.97060 7.19310
18.00 2.00390 7.43770 7.64080 7.43210 7.42470 7.59820 7.41010 7.63300
19.00 2.07740 7.87000 8.07410 7.86460 7.85750 8.03340 7.84360 8.06710
20.00 2.14970 8.29500 8.50045 8.29020 8.28340 8.46150 8.26970 8.49360
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Table A3: Variation of growth rate with Gortler numberfor various mean flow








0.50 0.14026 0.01022 0.03242
0.75 0.18380 0.03680 0.07660 -0.00252 0.03276
1.00 0.22265 0.07506 0.13210 0.00338 -0.01941 0.02158 0.09352
1.25 0.25837 0.12468 0.19690 0.06011 0.02917 0.04412 0.06050 0.16148
1.50 0.29176 0.18454 0.26977 0.12625 0.09644 0.11700 0.11270 0.23663
1.75 0.32333 0.25348 0.34978 0.20054 0.17176 0.19798 0.17629 0.31846
2.00 0.35344 0.33041 0.43615 0.28202 0.25421 0.28603 0.24967 0.40629
2.25 0.38231 0.41445 0.52823 0.36988 0.34302 0.38030 0.33142 0.49985
2.50 0.41013 0.50475 0.62549 0.46346 0.43751 0.48005 0.42040 0.59831
2.75 0.43703 0.60064 0.72742 0.56217 0.53710 0.58469 0.51567 0.70140
3.00 0.46314 0.70155 0.83362 0.66551 0.64129 0.69369 0.61645 0.80860
3.25 0.48852 0.80697 0.94371 0.77305 0.74964 0.80662 0.72211 0.91967
3.50 0.51326 0.91647 1.05740 0.88441 0.86177 0.92313 0.83212 1.03400
3.75 0.53742 1.02970 1.17430 0.99930 0.97737 1.04290 0.94604 1.15200
4.00 0.56104 1.14630 1.29430 1.11740 1.09610 1.16560 1.06340 1.27270
4.50 0.60688 1.38870 1.54240 1.36210 1.34220 1.41900 1.30770 1.52200
5.00 0.65104 1.64160 1.80020 1.61710 1.59830 1.68180 1.56280 1.78130
5.50 0.69375 1.90370 2.06650 1.88080 1.86310 1.95270 1.82700 2.04860
6.00 0.73518 2.17370 2.34010 2.15220 2.13540 2.23060 2.09910 2.32320
7.00 0.81475 2.73380 2.90610 2.71440 2.69930 2.80440 2.66320 2.89080
8.00 0.89061 3.31570 3.49270 3.29790 3.28410 3.39770 3.24870 3.47890
9.00 0.96336 3.91490 4.09590 3.89830 3.88570 4.00670 3.85140 4.08320
10.00 1.03350 4.52810 4.71250 4.51250 4.50090 4.62830 4.46760 4.70070
11.00 1.10130 5.15270 5.34000 5.13790 5.12710 5.26030 5.09490 5.32900
12.00 1.16700 5.78670 5.97650 5.77250 5.76240 5.90080 5.73150 5.96600
13.00 1.23100 6.42810 6.62020 6.41460 6.40510 6.54810 6.37520 6.61070
14.00 1.29330 7.07600 7.26990 7.06280 7.05380 7.21110 7.02510 7.26110
15.00 1.35420 7.72870 7.92450 7.71590 7.70750 7.85860 7.67966 7.91610
16.00 1.41380 8.38530 8.58300 8.37310 8.36520 8.51910 8.33800 8.51500
17.00 1.47210 9.04530 9.24450 9.03350 9.02590 9.18370 8.99900 9.23680
18.00 1.52920 9.70810 9.90840 9.69630 9.68910 9.84990 9.66400 9.90140
19.00 1.58540 10.37220 10.57410 10.36100 10.35410 10.51770 10.32900 10.56700
20.00 1.64050 11.03800 11.24100 11.02690 11.02040 11.18650 10.99660 11.23400
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Figure A3: Variation of growth rate with Gortler number for different mean flow conditions, A = 150
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Table A4: Variation of growth rate with Gortler number for various mean flow








0.50 0.11578 0.03412 -0.00700
0.75 0.15172 0.04323 0.07765 0.00151 0.03976
1.00 0.18380 0.07996 0.13208 0.00748 -0.01997 -0.01321 0.02365 0.09864
1.25 0.21328 0.12775 0.19559 0.06217 0.03575 0.04657 0.05961 0.16476
1.50 0.24084 0.18566 0.26708 0.12632 0.10068 0.11589 0.10841 0.23809
1.75 0.26691 0.25271 0.34572 0.19875 0.17380 0.19360 0.16870 0.31819
2.00 0.29176 0.32797 0.43086 0.27857 0.25429 0.27873 0.23907 0.40457
2.25 0.31559 0.41058 0.52193 0.36505 0.34142 0.37049 0.31826 0.49673
2.50 0.33855 0.49981 0.61843 0.45755 0.43459 0.46819 0.40519 0.59420
2.75 0.36076 0.59501 0.71991 0.55555 0.53323 0.57125 0.49895 0.69659
3.00 0.39231 0.69563 0.82599 0.65855 0.63688 0.67918 0.59876 0.80350
3.25 0.40326 0.80117 0.93633 0.76616 0.74511 0.79154 0.70398 0.91461
3.50 0.42369 0.91122 1.05060 0.87800 0.85756 0.90795 0.81408 1.02960
3.75 0.44363 1.02540 1.16860 0.99376 0.97391 1.02810 0.92859 1.14820
4.00 0.46314 1.14340 1.28990 1.11320 1.09390 1.15170 1.04710 1.27300
4.50 0.50097 1.38980 1.54210 1.36190 1.34360 1.40830 1.29500 1.52360
5.00 0.53742 1.64850 1.80560 1.62240 1.60510 1.67620 1.55550 1.78810
5.50 0.57268 1.91810 2.07910 1.89340 1.87690 1.95390 1.82700 2.06260
6.00 0.60688 2.19710 2.36160 2.17370 2.15810 2.24040 2.10810 2.34590
7.00 0.67256 2.78020 2.95020 2.75850 2.74440 2.83630 2.69520 2.93000
8.00 0.73518 3.39130 3.56570 3.37100 3.35800 3.45830 3.31010 3.55300
9.00 0.79524 4.02590 4.20400 4.00650 3.99460 4.10220 3.94820 4.19200
10.00 0.85310 4.68040 4.86160 4.66180 4.65070 4.76490 4.60600 4.85050
11.00 0.90907 5.35210 5.53580 5.33400 5.32370 5.44370 5.28060 5.52550
12.00 0.96336 6.03860 6.22470 6.02090 6.01130 6.13660 5.96980 6.21500
13.00 1.01616 6.73820 6.92630 6.72090 6.71180 6.84190 6.67180 6.91720
14.00 1.06760 7.44920 7.63920 7.43220 7.42370 7.55810 7.38510 7.63060
15.00 1.11790 8.17050 8.36210 8.15370 8.14570 8.28400 8.10850 8.35400
16.00 1.16700 8.90080 9.09390 8.88420 8.87660 9.01870 8.84070 9.08630
17.00 1.21510 9.63920 9.83370 9.62290 9.61560 9.76100 9.58090 9.82640
18.00 1.26240 10.38490 10.58070 10.36870 10.36180 10.51040 10.32830 10.57380
19.00 1.30870 11.13710 11.33410 11.12100 11.11440 11.26590 11.08200 11.32750
20.00 1.35420 11.89520 12.09320 11.87920 11.87290 12.02710 11.84160 12.08690
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Figure A4: Variation of growth rate with Gortler number for different mean flow conditions, A = 200
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Table A5: Variation of growth rate with Gortler number for various mean flow









0.75 0.14686 0.04394 0.07741 0.00100 0.03682
1.00 0.17791 0.08022 0.13147 0.00764 -0.01902 0.02360 0.09885
1.25 0.20645 0.12749 0.19453 0.06175 0.03607 0.04627 0.05886 0.16443
1.50 0.23313 0.18483 0.26553 0.12532 0.10035 0.11477 0.10686 0.23720
1.75 0.25837 0.25128 0.34366 0.19715 0.17283 0.19165 0.16629 0.31670
2.00 0.28242 0.32593 0.42829 0.27637 0.25267 0.27598 0.23581 0.40250
2.25 0.30549 0.40796 0.51885 0.36227 0.33919 0.36697 0.31479 0.49410
2.50 0.32772 0.49664 0.61485 0.45423 0.43176 0.46396 0.40039 0.59107
2.75 0.34922 0.59133 0.71587 0.55170 0.52985 0.56636 0.49354 0.69300
3.00 0.37007 0.69147 0.82151 0.65423 0.63299 0.67368 0.59266 0.79939
3.25 0.39036 0.79659 0.93145 0.76141 0.74077 0.78549 0.69744 0.91014
3.50 0.41013 0.90626 1.04540 0.87287 0.85280 0.90142 0.80697 1.02470
3.75 0.42943 1.02010 1.16300 0.98829 0.96379 1.02120 0.92118 1.14310
4.00 0.44831 1.13790 1.28410 1.10740 1.08840 1.14440 1.03928 1.26470
450 0.48493 1.38390 1.53590 1.35570 1.33770 1.40050 1.28665 1.51750
5.00 0.52022 1.64240 1.79920 1.61600 1.59900 1.66800 1.54690 1.78180
5.50 0.55435 1.91196 2.07270 1.88700 1.87080 1.94560 1.81850 2.05640
6.00 0.58746 2.19130 2.35540 2.16750 2.15210 2.23220 2.09970 2.33980
7.00 0.65104 2.77540 2.94510 2.75340 2.73940 2.82910 2.68780 2.93090
8.00 0.71165 3.38840 3.56240 3.36760 3.35480 3.45290 3.30470 3.54950
9.00 0.76979 4.02570 4.20330 4.00580 3.99400 4.09940 3.94550 4.19150
10.00 0.82580 4.68370 4.86420 4.66450 4.65350 4.76540 4.60680 4.85320
11.00 0.87997 5.35950 5.54270 5.34090 5.33070 5.44840 5.28570 5.53250
12.00 0.93253 6.05100 6.23640 6.03280 6.02320 6.14620 5.97990 6.22690
13.00 0.98364 6.75630 6.94360 6.73840 6.72940 6.85710 6.68780 6.93480
14.00 1.03350 7.47370 7.66290 7.45610 7.44760 7.57970 7.40760 7.65470
15.00 1.08210 8.20210 8.39290 8.18460 8.17660 8.31280 8.13820 8.38510
16.00 1.12970 8.94020 9.13240 8.92290 8.91540 9.05510 8.87830 9.12530
17.00 1.17630 9.68710 9.88070 9.67000 9.66270 9.80600 9.62710 9.87400
18.00 1.22200 10.44190 10.63670 10.42490 10.41810 10.56440 10.38370 10.63050
19.00 1.26680 11.20390 11.40000 11.18700 11.18050 11.32980 11.14740 11.39410
20.00 1.31090 11.97230 12.16950 11.95560 11.94930 12.10140 11.91740 12.16410



















0 2 4 6 8 10 12 16 1814 20
Gortler Number, G
Figure A5: Variation of growth rate with Gortler number for different mean flow conditions, A = 210
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Table A6: Variation of growth rate with Gortler number for various mean flow








0.50 0.10866 0.03415 -0.00600
0.75 0.14238 0.04452 0.07710 0.00226 0.04104
1.00 0.17248 0.08035 0.13075 0.00768 -0.01823 -0.01226 0.02348 0.09891
1.25 0.20015 0.12708 0.19334 0.06120 0.03619 0.04585 0.05817 0.16395
1.50 0.22601 0.18381 0.26381 0.12414 0.09982 0.11135 0.10526 0.23615
1.75 0.25048 0.24963 0.34140 0.19534 0.17161 0.18954 0.16384 0.31509
2.00 0.27380 0.32364 0.42547 0.27393 0.25078 0.27304 0.23250 0.40029
2.25 0.29616 0.40504 0.51547 0.35920 0.33663 0.36323 0.31008 0.49310
2.50 0.31771 0.49311 0.61092 0.45055 0.42856 0.45945 0.39549 0.58766
2.75 0.33855 0.58722 0.71141 0.54745 0.52604 0.56114 0.48784 0.68898
3.00 0.35877 0.68682 0.81655 0.64943 0.62861 0.66779 0.58638 0.79489
3.25 0.37844 0.79143 0.92601 0.75610 0.73584 0.77898 0.69045 0.90507
3.50 0.39760 0.90065 1.03950 0.86709 0.84738 0.89434 0.79953 1.01920
3.75 0.41632 1.01410 1.15670 0.98208 0.96292 1.01360 0.91314 1.13710
4.00 0.43462 1.13150 1.27750 1.10080 1.08220 1.13630 1.03090 1.25840
4.50 0.47013 1.37690 1.52860 1.34840 1.33080 1.39160 1.27760 1.51070
5.00 0.50434 1.63500 1.79140 1.60830 1.59160 1.65860 1.53740 1.77450
5.50 0.53742 1.90430 2.06470 1.87900 1.86310 1.93580 1.80850 2.04860
6.00 0.56952 2.18350 2.34730 2.15940 2.14430 2.22220 2.08980 2.33210
7.00 0.63116 2.76800 2.93730 2.74560 2.73180 2.81940 2.67830 2.92340
8.00 0.68992 3.38210 3.55570 3.36100 3.34830 3.44420 3.29620 3.54300
9.00 0.74628 4.02120 4.19830 4.00090 3.98920 4.09240 3.93880 4.18660
10.00 0.80058 4.68170 4.86170 4.66200 4.65120 4.76090 4.60260 4.85080
11.00 0.85320 5.36070 5.54320 5.34150 5.33140 5.44690 5.28460 5.53310
12.00 0.90405 6.05600 6.24070 6.03720 6.02770 6.14850 5.98260 6.23120
13.00 0.95360 6.76570 6.95240 6.74720 6.73830 6.86390 6.69490 6.94350
14.00 1.00190 7.48820 7.67670 7.47000 7.46160 7.59150 7.41980 7.66830
15.00 1.04910 8.22230 8.41230 8.20430 8.19630 8.33030 8.15600 8.40440
16.00 1.09520 8.96680 9.15820 8.94890 8.94130 9.07900 8.90240 9.15070
17.00 1.14030 9.72060 9.91340 9.70280 9.69570 9.83670 9.65810 9.90520
18.00 1.18460 10.48290 10.67690 10.46530 10.45840 10.60270 10.42210 10.67010
19.00 1.22810 11.25300 11.44820 11.23550 11.22890 11.37610 11.19380 11.44170
20.00 1.27080 12.03010 12.22260 12.01270 12.00650 12.15640 11.97240 12.22020
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Figure A6: Variation of growth rate with Gortler number for different mean flow conditions, A = 220
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Table A7: Variation of growth rate with Gortler number for various mean flow





V=0 Vx=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel Quasi-Parallel
0.25 0.06286 0.01961 0.00610
0.50 0.09977 0.02302 0.03388
0.75 0.13069 0.04574 0.07582 0.00295 0.04213
1.00 0.15832 0.08017 0.12818 0.00730 -0.01662 0.02280 0.09841
1.25 0.18372 0.12510 0.18926 0.05896 0.03579 0.04403 0.05536 0.16174
1.50 0.20746 0.18004 0.25807 0.11996 0.09735 0.10916 0.10012 0.23210
1.75 0.22992 0.24384 0.33388 0.18915 0.16702 0.18264 0.15606 0.30910
2.00 0.25133 0.31577 0.41611 0.26569 0.24404 0.26358 0.22204 0.39240
2.25 0.27185 0.39507 0.50424 0.34891 0.32773 0.35125 0.29695 0.48138
2.50 0.29613 0.48110 0.59783 0.43823 0.41754 0.44501 0.37980 0.57577
2.75 0.31075 0.57320 0.69648 0.53314 0.51295 0.54433 0.46970 0.67515
3.00 0.32930 0.67087 0.79983 0.63321 0.61351 0.64872 0.56591 0.77917
3.25 0.34750 0.77376 0.90755 0.73803 0.71883 0.75775 0.66796 0.88765
3.50 0.36497 0.88113 1.01940 0.84726 0.82855 0.87108 0.77488 0.99900
3.75 0.38231 0.99305 1.13500 0.96058 0.94235 0.98868 0.88677 1.11630
4.00 0.39895 1.10880 1.25420 1.07770 1.05997 1.10940 1.00260 1.23590
4.50 0.43155 1.35140 1.50260 1.32250 1.30570 1.36150 1.24620 1.48530
5.00 0.46295 1.60710 1.76300 1.58000 1.56390 1.62570 1.50340 1.74660
5.50 0.49330 1.87440 2.03430 1.84860 1.83340 1.90060 1.77250 2.01860
6.00 0.52278 2.15210 2.31530 2.12740 2.11290 2.18530 2.05210 2.30000
7.00 0.57936 2.73480 2.90330 2.71175 2.69840 2.78020 2.63870 2.88970
8.00 0.63330 3.34880 3.52150 3.32680 3.31460 3.40450 3.25650 3.50900
9.00 0.68504 3.98940 4.16540 3.96820 3.95680 4.05400 3.90070 4.15380
10.00 0.73488 4.65290 4.83170 4.63230 4.62170 4.72530 4.56760 4.82100
11.00 0.78309 5.33670 5.51780 5.31640 5.30660 5.41600 5.25440 5.50700
12.00 0.82986 6.03830 6.22140 6.01830 6.00910 6.12370 5.95880 6.21200
13.00 0.87535 6.75590 6.94080 6.73610 6.72740 6.84680 6.67900 6.93200
14.00 0.91968 7.48780 7.67440 7.46820 7.46000 7.58380 7.41340 7.66600
15.00 0.96297 8.23280 8.42080 8.21330 8.20550 8.33330 8.16060 8.41300
16.00 1.00530 8.98970 9.17900 8.97020 8.96280 9.09440 8.91950 9.17160
17.00 1.04680 9.75740 9.94790 9.73790 9.73090 9.86590 9.68920 9.94090
18.00 1.08743 10.53510 10.72670 10.51560 10.50890 10.64710 10.46860 10.72000
19.00 1.12734 11.32090 11.51460 11.30240 11.29600 11.43720 11.25710 11.50800
20.00 1.16656 12.11730 12.31080 12.09770 12.09160 12.23560 12.05400 12.30500
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Figure A7: Variation of growth rate with Gortler number for different mean flow conditions, A = 250
Table A8: Variation of growth rate with Gortler number for various mean flow




Number V=0 Vx=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel
Quasi-
Parallel
0.25 0.05566 0.02349 0.00629
0.50 0.08836 0.02597 0.03300
0.75 0.11574 0.04669 0.07318 0.00344 0.04265
1.00 0.14020 0.07883 0.12332 0.00579 -0.01544 0.02124 0.09632
1.25 0.16269 0.12110 0.18182 0.05437 0.03367 0.04190 0.05069 0.15682
1.50 0.18372 0.17278 0.24776 0.11212 0.09183 0.10131 0.09163 0.22412
1.75 0.20360 0.23315 0.32049 0.17788 0.15794 0.17065 0.14335 0.29789
2.00 0.22256 0.30151 0.39948 0.25088 0.23128 0.24736 0.20490 0.37770
2.25 0.24074 0.37717 0.48428 0.33048 0.31123 0.33077 0.27533 0.46330
2.50 0.25824 0.45949 0.57447 0.41614 0.39727 0.42030 0.35371 0.55416
2.75 0.27520 0.54795 0.66970 0.50741 0.48892 0.51543 0.43928 0.65002
3.00 0.29164 0.64200 0.76963 0.60386 0.58576 0.61571 0.53128 0.75050
3.25 0.30775 0.74135 0.87395 0.70511 0.68741 0.72074 0.62926 0.85551
3.50 0.32320 0.84522 0.98241 0.81084 0.79354 0.83017 0.73220 0.96436
3.75 0.33855 0.95378 1.09470 0.92075 0.90385 0.94369 0.84036 1.07730
4.00 0.35328 1.06610 1.21070 1.03460 1.01810 1.06100 0.95256 1.19360
4.50 0.38214 1.30240 1.45290 1.27300 1.25720 1.30620 1.18933 1.43660
5.00 0.40996 1.55230 1.70740 1.52440 1.50940 1.56390 1.44030 1.69200
5.50 0.43685 1.81420 1.97320 1.78760 1.77320 1.83300 1.70360 1.95840
6.00 0.46294 2.08690 2.24910 2.06120 2.04750 2.11220 1.97800 2.23500
7.00 0.51304 2.66077 2.82820 2.63660 2.62400 2.69760 2.55560 2.81520
8.00 0.56081 3.26770 3.43900 3.24450 3.23290 3.31440 3.16635 3.42690
9.00 0.60663 3.90300 4.07740 3.88040 3.86960 3.95820 3.80500 4.06620
10.00 0.65077 4.56300 4.74000 4.54090 4.53080 4.62570 4.46870 4.72950
11.00 0.69346 5.24500 5.42400 5.22310 5.21370 5.31430 5.15380 5.41400
12.00 0.73487 5.94640 6.12740 5.92480 5.91590 6.02180 5.85810 6.11810
13.00 0.77517 6.66560 6.84820 6.64410 6.63570 6.74630 6.58010 6.83940
14.00 0.81442 7.40090 7.58490 7.37940 7.37150 7.48650 7.31790 7.57660
15.00 0.85276 8.15080 8.33620 8.12940 8.12190 8.24090 8.07020 8.32800
16.00 0.89025 8.91430 9.10090 8.89280 8.88570 9.00850 8.83580 9.09330
17.00 0.92697 9.69030 9.87790 9.66880 9.66200 9.78820 9.61380 9.87070
18.00 0.96297 10.47780 10.66650 10.45630 10.44980 10.57930 10.40320 10.65900
19.00 0.99830 11.27610 11.46580 11.25460 11.24840 11.38090 11.20300 11.45900
20.00 1.03304 12.08460 12.27510 12.06230 12.05700 12.19240 12.01300 12.26800
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Figuree A8: Variation of growth rate with Gortler number for different mean flow conditions, A = 300
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Table A9: Variation of growth rate with Gortler number for various mean flow




Number V=0 Vx=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel
Quasi-
Parallel
0.25 0.05023 0.02604 0.00630
0.50 0.07973 0.02799 0.03192
0.75 0.10448 0.04695 0.07039 0.00355 0.04235
1.00 0.12656 0.07698 0.11840 0.00394 -0.01518 0.01958 0.09365
1.25 0.14686 0.11670 0.17443 0.04961 0.03087 0.03616 0.04349 0.15146
1.50 0.16585 0.16544 0.23762 0.10428 0.08584 0.09365 0.08392 0.21589
1.75 0.18380 0.22259 0.30738 0.16679 0.14860 0.15918 0.13179 0.28658
2.00 0.20091 0.28752 0.38322 0.23636 0.21843 0.23194 0.18923 0.36379
2.25 0.21732 0.35961 0.46473 0.31243 0.29476 0.31132 0.25540 0.44536
2.50 0.23313 0.43831 0.55155 0.39449 0.37709 0.39676 0.32950 0.53277
2.75 0.24843 0.52309 0.64332 0.48209 0.46500 0.48780 0.41077 0.62510
3.00 0.26326 0.61347 0.73976 0.57486 0.55808 0.58400 0.49854 0.72020
3.25 0.27769 0.70900 0.84057 0.67243 0.68898 0.68497 0.59221 0.82335
3.50 0.29176 0.80937 0.94551 0.77450 0.75838 0.79040 0.69126 0.92870
3.75 0.30549 0.91417 1.05430 0.88076 0.86497 0.90000 0.79523 1.03800
4.00 0.31892 1.02310 1.16680 0.99098 0.97552 1.01340 0.90373 1.15091
4.50 0.34494 1.25250 1.40210 1.22230 1.20750 1.25100 1.13300 1.38690
5.00 0.37007 1.49550 1.64990 1.46690 1.45270 1.50150 1.37637 1.63540
5.50 0.39435 1.75090 1.90900 1.72340 1.70980 1.76350 1.63300 1.89520
6.00 0.41790 2.01730 2.17860 1.99070 1.97770 2.03610 1.90100 2.16540
7.00 0.46314 2.57940 2.74560 2.55400 2.54200 2.60900 2.46600 2.73350
8.00 0.50625 3.17550 3.34530 3.15090 3.13970 3.21440 3.06650 3.33410
9.00 0.54761 3.80090 3.97360 3.77680 3.76640 3.84800 3.69500 3.96330
10.00 0.58746 4.45210 4.62720 4.42830 4.41860 4.50630 4.35020 4.61750
11.00 0.62600 5.12620 5.30320 5.10260 5.09350 5.18680 5.02750 5.29400
12.00 0.66338 5.82100 6.00000 5.79740 5.78890 5.88730 5.75850 5.99100
13.00 0.69974 6.53440 6.71450 6.51090 6.50280 6.60600 6.44150 6.70650
14.00 0.73518 7.26500 7.44640 7.24140 7.23380 7.34130 7.17470 7.43800
15.00 0.76979 8.01130 8.19390 7.98770 7.98050 8.09200 7.92800 8.18660
16.00 0.80363 8.77220 8.95580 8.74850 8.74160 8.85690 8.68650 8.94890
17.00 0.83677 9.54660 9.73120 9.52280 9.51630 9.63500 9.46300 9.72460
18.00 0.86928 10.33360 10.51910 10.30980 10.30350 10.42540 10.25200 10.51280
19.00 0.90118 11.13240 11.31880 11.10850 11.10250 11.22750 11.05270 11.31270
20.00 0.93253 11.94230 12.12950 11.91830 11.91250 12.04040 11.86440 12.12870
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Figure A9: Variation of growth rate with Gortler number for different mean flow conditions, A = 350
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Table A10: Variation of growth rate with Gortler number for various mean flow









0.75 0.09558 0.04688 0.06790 0.00350 0.04168
1.00 0.11578 0.07501 0.11373 0.00207 0.01802 0.09072
1.25 0.13436 0.11241 0.16748 0.04509 0.02793 0.03232 0.04247 0.14616
1.50 0.15172 0.15847 0.22812 0.09693 0.08000 0.08656 0.07705 0.20790
1.75 0.16814 0.21264 0.29512 0.15642 0.13967 0.14864 0.12148 0.27576
2.00 0.18380 0.27437 0.36800 0.22283 0.20626 0.21782 0.17518 0.34934
2.25 0.19881 0.34313 0.44643 0.29558 0.27921 0.29348 0.23741 0.42835
2.50 0.21328 0.41838 0.53004 0.37423 0.35807 0.37513 0.30749 0.51248
2.75 0.22727 0.49964 0.61853 0.45835 0.44243 0.46231 0.38469 0.60145
3.00 0.24084 0.58646 0.71167 0.54759 0.53192 0.55464 0.46480 0.69498
3.25 0.25404 0.67844 0.80903 0.64160 0.62620 0.65175 0.55804 0.79282
3.50 0.26691 0.77522 0.91053 0.74009 0.72497 0.75331 0.66311 0.89474
3.75 0.27947 0.87646 1.01590 0.84278 0.82794 0.85904 0.75315 1.00050
4.00 0.27171 0.98179 1.12490 0.94942 0.93487 0.96867 0.85769 1.10980
4.50 0.31559 1.20420 1.35330 1.17370 1.15970 1.19870 1.07900 1.33890
5.00 0.33855 1.44030 1.59420 1.41130 1.39780 1.44180 1.31590 1.58650
5.50 0.36076 1.68890 1.84660 1.66090 1.64800 1.69670 1.56540 1.83350
6.00 0.38231 1.94860 2.10940 1.92140 1.90900 1.96220 1.82600 2.09690
7.00 0.42369 2.49780 2.66340 2.47170 2.46020 2.52170 2.37870 2.65180
8.00 0.46314 3.08160 3.25000 3.05610 3.04540 3.11430 2.96600 3.24000
9.00 0.50097 3.69530 3.86710 3.67020 3.66030 3.73580 3.58300 3.85700
10.00 0.53742 4.33540 4.50930 4.31050 4.30120 4.38280 4.22690 4.50000
11.00 0.57268 4.99910 5.17480 4.97430 4.96550 5.05260 4.89380 5.16600
12.00 0.60688 5.68400 5.86120 5.65930 5.65100 5.74310 5.58180 5.85300
13.00 0.64014 6.38830 6.56680 6.36350 6.35570 6.54250 6.28900 6.55900
14.00 0.67256 7.11040 7.29010 7.08550 7.07810 7.17920 7.01300 7.28270
15.00 0.70422 7.84890 8.02960 7.82390 7.81690 7.92200 7.75480 8.02260
16.00 0.73518 8.60260 8.78430 8.57760 8.57080 8.67960 8.51080 8.77750
17.00 0.76550 9.37060 9.55310 9.34540 9.33890 9.45120 9.28090 9.54670
18.00 0.79524 10.15180 10.33510 10.12650 10.12030 10.23580 10.06400 10.32900
19.00 0.82442 10.94550 11.12960 10.92000 10.91420 11.03270 10.85980 11.12300
20.00 0.85310 11.75100 11.93570 11.72530 11.71975 11.84110 11.66700 11.93000
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Figure A 10: Variation of growth rate with Gortler number for different mean flow conditions, A = 400
toQ/t
Table A l l :  Variation of growth rate with Gortler number for various mean flow





Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel Quasi-Parallel
0.25 0.03960 0.03027 0.00596
0.50 0.06286 0.03144 0.02868
0.75 0.08237 0.04635 0.06279 0.00322 0.03986
1.00 0.09978 0.07126 0.10539 -0.00127 0.01536 0.08513
1.25 0.11578 0.10472 0.15515 0.03715 0.02243 0.02560 0.03606 0.13637
1.50 0.13075 0.14617 0.21134 0.08407 0.06945 0.07429 0.06577 0.19350
1.75 0.14490 0.19518 0.27347 0.13829 0.12377 0.13050 0.10444 0.25638
2.00 0.15839 0.25312 0.34116 0.19911 0.18469 0.19347 0.15172 0.32463
2.25 0.17133 0.31415 0.41409 0.26601 0.25169 0.26267 0.20713 0.39804
2.50 0.18380 0.38325 0.49198 0.33857 0.32438 0.33764 0.27010 0.47635
2.75 0.19585 0.45816 0.57454 0.41643 0.40239 0.41800 0.34000 0.55929
3.00 0.20755 0.53854 0.66155 0.49927 0.48540 0.50340 0.41640 0.64666
325 0.21893 0.62398 0.75276 0.58679 0.57309 0.59351 0.49869 0.73822
3.50 0.23001 0.71416 0.84767 0.67871 0.66521 0.68803 0.58640 0.83374
3.75 0.24084 0.80878 0.94697 0.77479 0.76149 0.78671 0.67916 0.93306
4.00 0.25143 0.90756 1.04960 0.87478 0.86169 0.88928 0.77655 1.03598
4.50 0.27197 1.11660 1.26490 1.08570 1.07310 1.10530 0.98398 1.25190
5.00 0.29176 1.33950 1.49280 1.31000 1.29780 1.33450 1.20600 1.48030
5.50 0.31090 1.57500 1.73220 1.54640 1.53460 1.57560 1.44210 1.72010
6.00 0.32946 1.82160 1.98200 1.79380 1.78240 1.82750 1.68960 1.97040
7.00 0.36512 2.34520 2.51020 2.31810 2.30750 2.36020 2.21570 2.50000
8.00 0.39912 2.90390 3.07210 2.87720 2.86700 2.92690 2.77700 3.06210
9.00 0.43172 3.49300 3.66370 3.46653 3.45730 3.52320 3.37610 3.65400
10.00 0.46314 4.10920 4.28170 4.08270 4.07400 4.14570 3.98900 4.27300
11.00 0.49352 4.74960 4.92360 4.72310 4.71480 4.79180 4.63300 4.91500
12.00 0.52299 5.41190 5.58710 5.38530 5.37750 5.45930 5.29870 5.57930
13.00 0.55166 6.09430 6.27050 6.06750 6.06010 6.14640 5.98410 6.26310
14.00 0.57960 6.79510 6.97220 6.76810 6.76110 6.85170 6.68770 6.96500
15.00 0.60688 7.51310 7.69100 7.48590 7.47930 7.57370 7.40830 7.68400
16.00 0.63356 8.24700 8.42560 8.21970 8.21330 8.31140 8.14470 8.42000
17.00 0.65969 8.99590 9.17520 8.96840 8.96230 9.06370 8.89580 9.16900
18.00 0.68531 9.75880 9.93870 9.73110 9.72530 9.82990 9.66100 9.93300
19.00 0.71047 10.53500 10.71550 10.50710 10.50150 10.60920 10.43900 10.70990
20.00 0.73518 11.32380 11.50480 11.29570 11.29030 11.40080 11.22980 11.50000
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Figure Al l :  Variation of growth rate with Gortler number for different mean flow conditions, A = 500
to
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Table A 12: Variation of growth rate with Gortler number for various mean flow





V=0 \x=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel Quasi-Parallel
0.25 0.03507 0.03180 0.00567
0.50 0.05566 0.03270 0.02682
0.75 0.07294 0.04567 0.05859 0.00290 0.03796
1.00 0.08836 0.06799 0.09833 -0.00394 0.01326 0.08011
125 0.10253 0.09827 0.14477 0.03064 0.01772 0.02012 0.03113 0.12788
1.50 0.11578 0.13596 0.19724 0.07346 0.06057 0.06429 0.05705 0.18122
1.75 0.12832 0.18072 0.25530 0.12330 0.11044 0.11569 0.09115 0.23991
2.00 0.14026 0.23220 0.31861 0.17944 0.16662 0.17356 0.13325 0.30369
2.25 0.15172 0.29005 0.38689 0.24140 0.22863 0.23739 0.18303 0.37238
2.50 0.16276 0.35390 0.45990 0.30879 0.29610 0.30677 0.24003 0.44574
2.75 0.17344 0.42339 0.53739 0.38130 0.36869 0.38136 0.30380 0.52356
3.00 0.18380 0.49818 0.61916 0.45863 0.44613 0.46084 0.37387 0.60563
3.25 0.19387 0.57792 0.70500 0.54051 0.52813 0.54493 0.44975 0.69174
3.50 0.20369 0.66022 0.79472 0.62670 0.61446 0.63336 0.53105 0.78174
3.75 0.21328 0.75110 0.88815 0.71696 0.70488 0.72588 0.61735 0.87542
4.00 0.22265 0.84400 0.98510 0.81109 0.79916 0.82227 0.70831 0.97262
4.50 0.24084 1.04120 1.18900 1.01020 0.99856 1.02580 0.90294 1.17697
5.00 0.25837 1.25230 1.40520 1.22250 1.21120 1.24250 1.11275 1.39366
5.50 0.27531 1.47570 1.63270 1.44680 1.43600 1.47120 1.33590 1.62160
6.00 0.29176 1.71050 1.87070 1.68220 1.67170 1.71070 1.57100 1.86000
7.00 0.32333 2.21030 2.37520 2.18260 2.17270 2.21880 2.07260 2.36510
8.00 0.35344 2.74530 2.91330 2.71780 2.70860 2.76110 2.61040 2.90399
9.00 0.38231 3.31110 3.48120 3.28360 3.27490 3.33330 3.17900 3.47250
10.00 0.41013 3.90400 4.07580 3.87630 3.86810 3.93210 3.77550 4.06750
11.00 0.43703 4.52130 4.69430 4.49350 4.48570 4.55480 4.37600 4.68650
12.00 0.46314 5.16080 5.33480 5.13280 5.12540 5.19910 5.03870 5.32750
13.00 0.48852 5.82060 5.99540 5.79230 5.78540 5.86340 5.71050 5.98840
14.00 0.51326 6.49920 6.67470 6.47170 6.46400 6.54610 6.38290 6.66800
15.00 0.53742 7.19520 7.37130 7.16640 7.16010 7.24600 7.08160 7.36500
16.00 0.56105 7.90750 8.08410 7.87850 7.87240 7.96180 7.79600 8.07800
17.00 0.58419 8.63500 8.81210 8.60580 8.60000 8.69280 8.52640 8.80630
18.00 0.60688 9.37700 9.55450 9.34750 9.34190 9.43790 9.27060 9.54900
19.00 0.62915 10.13260 10.31050 10.10280 10.09750 10.19640 10.02800 10.30500
20.00 0.65104 10.90100 11.07940 10.87110 10.86590 10.96760 10.79880 11.07400
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Figure A12: Variation of growth rate with Gortler number for different mean flow conditions, A = 600
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Table A13: Variation of growth rate with Gortler number for various mean flow




Number V=0 Vx=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel
Quasi-
Parallel
0.25 0.03164 0.03284 0.00539
0.50 0.05028 0.03357 0.02520
0.75 0.06582 0.04500 0.05502 0.00260 0.03116
1.00 0.07973 0.06522 0.09233 -0.00606 0.01161 0.07570
1.25 0.09252 0.09287 0.13598 0.02531 0.01379 0.01566 0.02726 0.12056
1.50 0.10448 0.12746 0.18530 0.06469 0.05312 0.05609 0.05029 0.17069
1.75 0.11578 0.16867 0.23992 0.11082 0.09925 0.10348 0.08060 0.22565
2.00 0.12656 0.21624 0.29951 0.16300 0.15144 0.15708 0.11846 0.28587
2.25 0.13690 0.26987 0.36383 0.22076 0.20922 0.21639 0.16355 0.35054
2.50 0.14686 0.32925 0.43267 0.28375 0.27224 0.28105 0.21555 0.41968
2.75 0.15650 0.39407 0.50580 0.35166 0.34020 0.35073 0.27407 0.49320
3.00 0.16585 0.46403 0.58306 0.42424 0.41285 0.42515 0.33871 0.57061
3.25 0.17494 0.53883 0.66425 0.50124 0.48993 0.50406 0.40905 0.65203
3.50 0.18380 0.61819 0.74920 0.58244 0.57123 0.58721 0.48470 0.73722
3.75 0.19245 0.70185 0.83776 0.66763 0.65652 0.67437 0.56538 0.82599
4.00 0.20091 0.78957 0.92976 0.75660 0.74562 0.76535 0.65067 0.91821
4.50 0.21732 0.97628 1.12350 0.94520 0.93448 0.95795 0.83393 1.11230
5.00 0.23313 1.17670 1.32940 1.14690 1.13650 1.16360 1.03230 1.31860
5.50 0.24843 1.38960 1.54650 1.36060 1.35040 1.38110 1.24400 1.53610
6.00 0.26326 1.61370 1.77390 1.58520 1.57530 1.60960 1.46820 1.76390
7.00 0.29176 2.09200 2.25690 2.06390 2.05460 2.09550 1.94770 2.24760
8.00 0.31892 2.60550 2.77350 2.57750 2.56870 2.61570 2.46360 2.76470
9.00 0.34497 3.14970 3.13980 3.12150 3.11320 3.16580 3.01060 3.31140
10.00 0.37007 3.72110 3.89260 3.69260 3.68480 3.74260 3.58500 3.88480
11.00 0.39435 4.31695 4.48950 4.28810 4.28080 4.34340 4.18410 4.48200
12.00 0.41790 4.93500 5.10830 4.90590 4.89890 4.96600 4.80520 5.10130
13.00 0.44081 5.57340 5.74740 5.54400 5.53730 5.60870 5.44670 5.74070
14.00 0.46314 6.23070 6.40520 6.20090 6.19460 6.26990 6.10690 6.39880
15.00 0.48493 6.90550 7.08040 6.87540 6.86940 6.94830 6.78440 7.07430
16.00 0.50625 7.59670 7.77200 7.56630 7.56050 7.64290 7.47800 7.76610
17.00 0.52714 8.30330 8.47890 8.27270 8.26710 8.35280 8.18730 8.47330
18.00 0.54761 9.02440 9.20030 8.99350 8.98820 9.07690 8.91070 9.19500
19.00 0.56771 9.75930 9.93550 9.72820 9.72300 9.81470 9.64780 9.92000
20.00 0.58746 10.50730 10.68370 10.47590 10.47090 10.56530 10.39800 10.67880
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Figure A13: Variation of growth rate with Gortler number for different mean flow conditions, A = 700
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Table A14: Variation of growth rate with Gortler number for various mean flow





Vx=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel Quasi-Parallel
0.25 0.02895 0.03361 0.00513
0.50 0.04595 0.03420 0.02380
0.75 0.06021 0.04440 0.05194 0.00235 0.03451
1.00 0.07294 0.06285 0.08719 0.01028 0.07182
1.25 0.08464 0.08832 0.12845 0.02091 0.01052 0.01201 0.02417 0.11422
1.50 0.09558 0.12030 0.17059 0.05734 0.04685 0.04926 0.04467 0.16160
1.75 0.10592 0.15852 0.22676 0.10031 0.08979 0.09327 0.07208 0.21376
2.00 0.11578 0.20277 0.28315 0.14911 0.13856 0.14324 0.10641 0.27055
2.25 0.12524 0.25278 0.34406 0.20326 0.19271 0.19871 0.14758 0.33177
2.50 0.13436 0.30831 0.40929 0.26245 0.25190 0.25932 0.19532 0.39727
2.75 0.14317 0.36909 0.47865 0.32638 0.31586 0.32477 0.24930 0.46686
3.00 0.15172 0.43485 0.55198 0.39483 0.38435 0.39482 0.30926 0.54041
3.25 0.16004 0.50532 0.62911 0.46757 0.45714 0.46923 0.37478 0.61775
3.50 0.16814 0.58025 0.70989 0.54440 0.53404 0.54778 0.44550 0.69870
3.75 0.17606 0.65940 0.79418 0.62513 0.61435 0.63026 0.52120 0.78320
4.00 0.18380 0.74254 0.88183 0.70957 0.69937 0.71648 0.60146 0.87104
4.50 0.19881 0.91996 1.06670 0.88891 0.87892 0.89942 0.77460 1.05620
5.00 0.21328 1.11100 1.26340 1.08120 1.07140 1.09530 0.96294 1.25330
5.50 0.22727 1.31430 1.47116 1.28530 1.27580 1.30290 1.16470 1.46140
6.00 0.24084 1.52880 1.68910 1.50020 1.49100 1.52140 1.37860 1.67900
7.00 0.26691 1.98780 2.15290 1.95950 1.95070 1.98730 1.83800 2.14400
8.00 0.29176 2.48180 2.65000 2.45340 2.44510 2.48750 2.33390 2.64100
9.00 0.31559 3.00650 3.17660 2.97770 2.96990 3.01760 2.86110 3.16880
10.00 0.33855 3.55820 3.72970 3.52910 3.52170 3.57440 3.41580 3.72200
11.00 0.36076 4.13440 4.30680 4.10480 4.09780 4.15510 3.99498 4.30000
12.00 0.38231 4.73270 4.90570 4.70270 4.69600 4.75770 4.59640 4.89900
13.00 0.40326 5.35140 5.52480 5.32100 5.31470 5.38030 5.21790 5.51800
14.00 0.42369 5.98890 6.16270 5.95810 5.95200 6.02150 5.85840 6.15660
15.00 0.44363 6.64390 6.81800 6.61270 6.60690 6.68000 6.51600 6.81200
16.00 0.46314 7.31530 7.48960 7.28380 7.27820 7.35470 7.19020 7.47150
17.00 0.48224 8.00210 8.17660 7.97030 7.96490 8.04460 7.87960 8.17120
18.00 0.50097 8.70350 8.87820 8.67140 8.66620 8.74890 8.58300 8.87300
19.00 0.51935 9.41867 9.59360 9.38630 9.38130 9.46680 9.30070 9.58860
20.00 0.53742 10.14700 10.32200 10.11430 10.10950 10.19780 10.03100 10.31720
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Figure A 14: Variation of growth rate with Gortler number for different mean flow conditions, A = 800
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Table A 15: Variation of growth rate with Gortler number for various mean flow




Number V=0 Vx=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel
Quasi-
Parallel
0.25 0.02676 0.03418 0.00490
0.50 0.04248 0.03468 0.02258
0.75 0.05566 0.04386 0.04926 0.00213 0.03302
1.00 0.06743 0.06083 0.08273 0.00920 0.06841
1.25 0.07825 0.08443 0.12192 0.01725 0.00777 0.00900 0.02166 0.10866
1.50 0.08836 0.11420 0.16634 0.05113 0.01452 0.04352 0.04017 0.15367
1.75 0.09792 0.14987 0.21534 0.09136 0.08169 0.08460 0.06506 0.20325
2.00 0.10704 0.19125 0.26896 0.13722 0.12751 0.13146 0.09645 0.25722
225 0.11578 0.23814 0.32690 0.18824 0.17851 0.18361 0.13425 0.31543
2.50 0.12421 0.29032 0.38897 0.24410 0.23437 0.24071 0.17834 0.37776
2.75 0.13236 0.34757 0.45503 0.30458 0.29484 0.30250 0.22845 0.44403
3.00 0.14026 0.40964 0.52491 0.36941 0.35968 0.36873 0.28428 0.51409
3.25 0.14795 0.47630 0.59848 0.43840 0.42871 0.43919 0.34557 0.58784
3.50 0.15544 0.54731 0.67558 0.51138 0.50173 0.51369 0.41197 0.66511
3.75 0.16276 0.62246 0.75609 0.58815 0.57856 0.59203 0.48322 0.74579
4.00 0.16992 0.70153 0.83988 0.66856 0.65904 0.67405 0.55900 0.82975
4.50 0.18380 0.87064 1.01680 0.83966 0.83030 0.84840 0.72310 1.00700
5.00 0.19717 1.05320 1.20540 1.02350 1.01430 1.03550 0.90230 1.19580
5.50 0.21010 1.24790 1.40480 1.21900 1.21000 1.23430 1.09500 1.39550
6.00 0.22265 1.45380 1.61430 1.42530 1.41650 1.44380 1.29970 1.60530
7.00 0.24675 1.89530 2.06080 1.86690 1.85860 1.89170 1.74097 2.05230
8.00 0.26972 2.37170 2.54030 2.34310 2.33520 2.37380 2.21875 2.53230
9.00 0.29176 2.87860 3.04910 2.84950 2.84200 2.88570 2.72790 3.04160
10.00 0.31299 3.41250 3.58420 3.38280 3.37570 3.42420 3.26450 3.57710
11.00 0.33352 3.97068 4.14310 3.94050 3.93370 3.98660 3.82550 4.13640
12.00 0.35344 4.55090 4.72390 4.52020 4.51380 4.57080 4.40800 4.71740
13.00 0.37281 5.15140 5.32470 5.12020 5.11410 5.17500 5.01220 5.31850
14.00 0.39169 5.77070 5.94420 5.73900 5.73310 5.79780 5.63400 5.93820
15.00 0.41013 6.40740 6.58100 6.37530 6.36970 6.43780 6.27380 6.57540
16.00 0.42816 7.06050 7.23420 7.02800 7.02260 7.09400 6.92950 7.22880
17.00 0.44582 7.72890 7.90270 7.69610 7.69090 7.76540 7.60060 7.89760
18.00 0.46314 8.41190 8.58580 8.37870 8.37370 8.45120 8.28600 8.58080
19.00 0.48013 9.10860 9.28260 9.07520 9.07040 9.15060 8.98500 9.27700
20.00 0.49684 9.81850 9.99250 9.78480 9.78010 9.86300 9.69710 9.98800
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Figure A15: Variation of growth rate with Gortler number for different mean flow conditions, A = 900
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Table A16: Variation of growth rate with Gortler number for various mean flow




Number V=0 Vx=0 Ux=Vx=0 Ux=0 Ux=Vy=0 Parallel
Quasi-
Parallel
0.25 0.02494 0.03464 0.00468
0.50 0.03960 0.03506 0.02150
0.75 0.05189 0.04338 0.04691 0.00194 0.03167
1.00 0.06283 0.05908 0.07882 0.00830 0.06538
1.25 0.07294 0.08109 0.11619 0.01417 0.00546 0.00648 0.01958 0.10376
1.50 0.08237 0.10894 0.15848 0.04581 0.03694 0.03863 0.03643 0.14669
1.75 0.09128 0.14240 0.20530 0.08365 0.07469 0.07717 0.05920 0.19399
2.00 0.09978 0.18129 0.25652 0.12692 0.11792 0.12131 0.08806 0.24551
2.25 0.10793 0.22546 0.31184 0.17520 0.16616 0.17056 0.12301 0.30109
2.50 0.11578 0.27471 0.37114 0.22816 0.21910 0.22459 0.16391 0.36061
2.75 0.12388 0.32884 0.43428 0.28556 0.27648 0.28315 0.21061 0.42394
3.00 0.13075 0.38764 0.50111 0.34719 0.33811 0.34602 0.26286 0.49090
3.25 0.13791 0.45091 0.57150 0.41286 0.40380 0.41300 0.32039 0.56149
3.50 0.14490 0.51843 0.64534 0.48241 0.47338 0.48391 0.38294 0.63548
3.75 0.15172 0.59004 0.72248 0.55567 0.54667 0.55858 0.45023 0.71277
4.00 0.15839 0.66542 0.80282 0.63248 0.62353 0.63683 0.52199 0.79325
4.50 0.17133 0.82707 0.97262 0.79618 0.78736 0.80350 0.67790 0.96333
5.00 0.18380 1.00200 1.15390 0.97241 0.96374 0.98275 0.84893 1.14480
5.50 0.19585 1.18900 1.34580 1.16020 1.15170 1.17350 1.03300 1.33700
6.00 0.20755 1.38700 1.54760 1.35860 1.35030 1.37500 1.22900 1.53900
7.00 0.23001 1.81270 1.97850 1.78430 1.77640 1.80650 1.65440 1.97040
8.00 0.25143 2.27310 2.44200 2.24430 2.23680 2.27210 2.11570 2.43440
9.00 0.27197 2.76380 2.93470 2.73440 2.72720 2.76740 2.60840 2.92750
10.00 0.29176 3.28130 3.45340 3.25130 3.24450 3.28920 3.12800 3.44650
11.00 0.31090 3.82300 3.99570 3.79230 3.78580 3.83490 3.67290 3.98920
12.00 0.32946 4.38670 4.55980 4.35540 4.34920 4.40230 4.23900 4.55350
13.00 0.34752 4.97050 5.14380 4.93870 4.93270 4.98960 4.82600 5.13780
14.00 0.36512 5.57300 5.74640 5.54060 5.53500 5.59540 5.43100 5.74070
15.00 0.38231 6.19290 6.36630 6.16000 6.15460 6.21840 6.05410 6.36090
16.00 0.39912 6.82900 7.00240 6.79570 6.79050 6.85750 6.69290 6.99720
17.00 0.41558 7.48050 7.65380 7.44670 7.44170 7.51180 7.34690 7.64880
18.00 0.43172 8.14640 8.31970 8.11230 8.10750 8.18040 8.01520 8.31490
19.00 0.44757 8.82600 8.99930 8.79160 8.78690 8.86260 8.69700 8.99460
20.00 0.46314 9.51870 9.69190 9.48400 9.47950 9.55770 9.39220 9.68750
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Figure A16: Variation of growth rate with Gortler number for different mean flow conditions, A = 1000
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Table A 17: Variation of growth rate with Gortler number for various mean flow




Number V=0 Vx=0 lJx=Vx=0 l!x=0 Ux=Vy=0 Parallel
Quasi-
Parallel
0.25 0.02150 0.03542 0.00423
0.50 0.03412 0.03571 0.01929
0.75 0.04472 0.04242 0.04212 0.00157 0.02880
1.00 0.05417 0.05562 0.07084 0.00662 0.05911
1.25 0.06286 0.07446 0.10452 0.00830 0.00109 0.00176 0.01568 0.09369
1.50 0.07098 0.09851 0.14266 0.03541 0.02796 0.02912 0.02938 0.13239
1.75 0.07866 0.12754 0.18493 0.06835 0.06078 0.06252 0.04809 0.17506
2.00 0.08599 0.16144 0.23113 0.10637 0.09873 0.10114 0.07204 0.22154
2.25 0.09301 0.20009 0.28109 0.14903 0.14133 0.14451 0.10132 0.27173
2.50 0.09979 0.24335 0.33469 0.19602 0.18828 0.19229 0.13592 0.32516
2.75 0.10633 0.29310 0.39180 0.24713 0.23935 0.24426 0.17576 0.38278
3.00 0.11268 0.34318 0.45232 0.30215 0.29435 0.30023 0.22067 0.44340
325 0.11885 0.39942 0.51615 0.36095 0.35314 0.36003 0.27050 0.50737
3.50 0.12487 0.45967 0.58317 0.42337 0.41556 0.42351 0.32504 0.57450
3.75 0.13075 0.52375 0.65330 0.48930 0.48148 0.49053 0.38410 0.64475
4.00 0.13650 0.59510 0.72643 0.55857 0.55078 0.56096 0.44745 0.71799
4.50 0.14765 0.73739 0.88131 0.70672 0.69899 0.71151 0.58617 0.87309
5.00 0.15839 0.89613 1.04710 0.86688 0.85925 0.87415 0.73959 1.03906
5.50 0.16878 1.06660 1.22310 1.03820 1.03068 1.04800 0.90627 1.21526
6.00 0.17886 1.24790 1.40870 1.21990 1.21250 1.23220 1.08490 1.40101
7.00 0.19822 1.63960 1.80620 1.61140 1.60430 1.62880 1.47390 1.79890
8.00 0.21667 2.06540 2.23550 2.03670 2.02990 2.05890 1.89940 2.22860
9.00 0.23437 2.52120 2.69330 2.49160 2.48500 2.51850 2.35620 2.68670
10.00 0.25143 3.00350 3.17670 2.97290 2.96670 3.00420 2.84040 3.17040
11.00 0.26792 3.50960 3.68340 3.47810 3.47220 3.51360 3.34890 3.67700
12.00 0.28392 4.03740 4.21130 4.00500 3.99930 4.04450 3.87920 4.20560
13.00 0.29949 4.58500 4.75890 4.55190 4.54640 4.59510 4.42960 4.75350
14.00 0.31465 5.15110 5.32480 5.11720 5.11200 5.16400 4.99830 5.31950
15.00 0.32946 5.73420 5.90770 5.69970 5.69470 5.74980 5.58410 5.90250
16.00 0.34395 6.33330 6.50650 6.29830 6.29350 6.35160 6.18590 6.50170
17.00 0.35814 6.94750 7.12050 6.91210 6.90740 6.96840 6.80280 7.11580
18.00 0.37205 7.57600 7.74870 7.54010 7.53560 7.59930 7.43380 7.74420
19.00 0.38570 8.21800 8.39050 8.18170 8.17730 8.24360 8.07820 8.38610
20.00 0.39912 8.87290 9.04510 8.83620 8.83200 8.90080 8.73580 9.04090
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